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Run-hitting probabilities & distances

For a sequence-sampling scheme, we can calculate the
probability H, of hitting a size-z run, from the proba-
bilities D; of distance i between consecutive sampled
positions. Consider a size-z run at a random location
in the middle of a long sequence. Get the nearest
sampled position before the run start, and the near-
est sampled position at or after the run start. The
distance between these two sampled postions equals
some integer ¢ > 1 with probability proportional to
1D;. So this probability is iD; /s, where s is the spar-
sity or expected distance > ;- D;. The probability
that the run is hit, given ¢, is min(z/4,1). Therefore

H, = Zi:l %Di min(z/i,1) (S1)
= (Zi:1 1D; + Zi:“_l :EDi) /s (S2)
_ (x D INCE z‘)Di) /s. (S3)
Inverse formula
We can also calculate D; from H,:
D,=2H, —Hy 1 —Hz1)s, (S4)

where Hy = 0. To verify Eq , substitute the
right-hand side of Eq into the right-hand side of
Eq , and observe that it equals D,.

Distance & average hitting probability

Here, we show that maximizing the average run-
hitting probability is equivalent to minimizing the

variance of distance between consecutive sampled po-
sitions.

First, define L, to be the probability of sampling
the final position, and not any earlier position, of a
size-x run. It follows that

Hy=) L (S5)
and
L,=H, —H, ;. (S6)
By combining this with Eq (S4)), we get
Dy = (Ly — Lys1)s. (S7)
It’s also useful to define H, = 1 — H,, so that
L,=H, ,—H,. (S8)
Next, as a stepping stone to the variance,
Var[D] = (Zizl z’2Di> — 82, (S9)
we first calculate
Z:L:l i*D;/s
- Z; 2(L; — Lis1) (S10)
- Z;(m‘ —1)L; — w2 Ly (S11)
_ 2;(2@ —1)(Hi_y — H;) —u?Loy (S12)
—9 Z; Hi— Qu+1)H,+1—u?Ly1  (S13)
- 22; Hi— (u+1)2H, +1+w2H,r. (S14)



Steps and are examples of summa-
tion by parts (https://en.wikipedia.org/wiki/
Summation_by_parts).

Now we show that H, is exponentially decreasing in
x. This implies that all terms in converge. The
argument is as follows: given x consecutive positions,
for a hit to occur we require that a k-length word in
the z + k — 1 sequence positions is sampled. We can
find y(z) = | =1 ] non-overlapping k-length words.
Since these are non-overlapping, each such word is
independently sampled with probability % Thus the
probability that one of these non-overlapping words
is sampled is 1 — (1 — %)’V(x) by independence. This is
upper bounded by H,, which considers all words and
not just these particular non-overlapping words. This
gives us the exponentially decreasing upper bound on
ﬁxa
Lyv(@)

H,<(1-7)

(S15)

This argument works for all word-based sampling
schemes, and can even be extended to sequence sam-
pling schemes such as minimizers after a small modi-
fication. We can now see that

fres (Z::I i*Dyfs =2 Zj:l Hi- 1)

lim

= —(u+1)>2H, +u’H, 1 —0, (S16)
where we used the above fact that H, — 0 exponen-
tially fast. The limit shows that

Var[D] = (2 Zi:l H,+1- s)s. (S17)
This means that minimizing Var[D], for fixed s, is
equivalent to minimizing the sum of H;. This is
approximately equivalent to maximizing a finite sum

i Hi (or average) of H;.

Two-hit probabilities

Our sequence-sampling approach seems likely to im-
prove the sensitivity of two-hit sequence comparison
methods. In particular, it optimizes the probability of
sampling two non-overlapping length-m seeds within

one run of z unmutated seeds. This probability is:

Hy, = Zl; LiHy—m—it1 (S18)

r—m

=> | Hi—Hi)He 1.  (S19)
The formula follows by conditioning on the position ¢
of the first seed, which introduces an L; term. Subject
to this condition, there are x — m — i + 1 possible
consecutive positions for seeds that do not overlap
the first seed. The characters in these positions are
independent of the seed match at i, so we just get
H,_,_it1, the probability of seed occurring in the
remaining consecutive positions.

If we increase the H; values, Hs , never decreases.
This is because the partial derivative of Hs , with
repect to H; is 2H;_pp—iy1 — 2H,—y—i, which is > 0.
Thus, maximizing H; implies maximizing Hs ,.

Simulated annealing

To find a set of words with high run-hitting probabili-
ties, we used a simulated annealing method. Starting
with a random set of n words, we iterate the follow-
ing procedure. We randomly pick one word in the
set and one word not in the set, and try exchanging
them. If this increases the objective function (average
run-hitting probability), we accept the exchange. If
it decreases the objective function by an amount z,
then we randomly accept or reject, with acceptance
probability e~?/*, where t is a parameter called “tem-
perature”. Thus, low temperature rarely decreases
the objective function, while high temperature can
escape local optima. We start by setting ¢ equal to:
the objective function’s upper bound minus the ob-
jective function’s intial value. We then multiply ¢ by
something like 0.99999999 at each iteration, until the
words “freeze”.

Gibbon-human genome alignment

The gibbon (nomLeu3) and human (hg38.analysisSet)
genomes were aligned with LAST version 1406. First,
we found the rates of deletion, insertion, and each
kind of substitution between the genomes:


https://en.wikipedia.org/wiki/Summation_by_parts
https://en.wikipedia.org/wiki/Summation_by_parts

lastdb -uRY16 myDB human.fa
last-train --revsym myDB gibbon.fa > train.out

lastdb makes an index data-structure named myDB for

the human genome, and last-train infers the rates.

The -uRY16 option, in this version of LAST, specifies
RY16-8 sampling. The sampling scheme has very little
effect on the result. The resulting substitution score
matrix is

A C G T

A 5 -15 -9 -16
Cc -15 7 -13 -10
G -10 -13 7 -15
T -16 -9 -15 5

where rows correspond to human bases and columns
to gibbon bases. The cost of a length-g insertion or
deletion is 34 + g. We then aligned the genomes with
word-based sampling like this:

lastdb -dwords myDB human.fa

lastal -C2 -m2 --split -p train.out myDB
gibbon.fa > out.maf

Here, words was replaced by a word list such as
RRRY,RYRR,RYYR,YYYR. We aligned the genomes with
every s-th sampling like this:

lastdb -m1 denseDB human.fa

lastal -C2 -m2 -ks --split -p train.out denseDB
gibbon.fa > out.maf

Here, s was replaced by 4, 8, 16, or 32, or by 1 for no
sampling.

Short-range rearrangements

We used the following arbitrary thresholds to define
“short-range” switch-like rearrangements. From the
whole-genome alignment, we have a set of alignments
between gibbon and human segments, with no overlap
in gibbon. In each gibbon chromosome, a group of
three consecutive alignments (X,Y, Z) was deemed a
switch-like rearrangement if:

e They align to the same human chromosome.

e X and Z align to the same human strand, and
Y to the opposite strand.

e There are at most 10 unaligned gibbon base-pairs
between X and Y, and between Y and Z.

e There are at most 1000 human base-pairs between
Y and the end of X, or between Y and the start
of Z.

e There are at most 1000 human base-pairs between
the end of X and the start of Z.

e In human, the number of base-pairs spanned by
Y is at most double the number of base-pairs
between end of X and the start of Z.

In our ground-truth rearrangements, the median num-
ber of human base-pairs spanned by Y was 127.
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