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1. Single-helix point spread function (PSF) design and optimization

The general solution of a shape-invariant rotating beam was first derived from the Gauss-
Laguerre function®2. To generate a rotating PSF, one can, conventionally, design a diffractive
optical element with the phase profile generated from the superposition of Gauss-Laguerre
modes®®. Here, we use an alternative Fresnel zone approach to design the phase profile that
generates the single-helix PSF. The Fresnel zone approach®’ arranges phase term with ring
areas carrying spiral phase profiles of increasing topological quantum numbers toward outer
rings, with an additional focusing term, in the entrance pupil of the imaging system. Compared
with Gauss-Laguerre mode-based approach, the Fresnel zone approach can generate a more
compact rotating PSF with the shape of the PSF remaining almost invariant over a large depth
range’. The Fresnel zone phase term ,.(u, ¢,) for generating a single-helix PSF is given by:
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where u is the normalized radial coordinate and ¢,, is the azimuth angle in the entrance pupil
plane. [L, ] are adjustable design parameters. When L > 1and ¢ = 0.5, with the addition
of a focusing phase term, we can calculate the complex amplitude of the PSF based on the
Fresnel integral as®:
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where r is the normalized radial coordinate and ¢ is the azimuthal angle with respect to the
geometric image point, which refers to the centre of the PSF when the Fresnel zone phase term
is not added. ry, is the radius of the in-focus diffraction spot. ¢ is the defocus parameter given

by:
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where R is the radius of the entrance pupil, zob; is the actual object depth, and z is the depth
of the in-focus object plane.

According to Eq. S2, when { << 2rL, the complex amplitude of PSF is related to ¢ via
the term exp[—il(¢ — {/L)]. Therefore, both the complex amplitude and the intensity of the
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PSF, PSF(r,¢; {) = |U(r,¢; {)|?, remain shape- and size-invariant, and rotates at the speed
of 1/L rad per unit of ¢. The defocus parameter ¢ relates the object depth to the rotation angle
of the PSF. For the parameters [L, €], L can be adjusted to control the rotation speed, while ¢
can be tuned to balance the trade-off between the main-lobe confinement and the shape-
invariance during the rotation of the PSF.

Considering the prototype imaging systemwithR=1mm, f = 20mm, and 4 = 800
nm, we fine-tune and set [L, ] = [8, 0.8]. Additional focusing and polarization-splitting terms
are subsequently added. The full phase profile of the metasurface that has a polarization-
decoupled pair of conjugate rotating PSFs is given by:

Yy = Pyr + lpr (S4)
wy = lpyr + wyf (S5)

where 1, and 1, are the transmission phase for x- and y-polarized light, respectively. i,
and ,, are the Fresnel zone phase terms for generating rotating PSFs (1, is obtained by
rotating ., by 180°). ¥, and v, are the focusing and polarization-splitting terms given

by:

wxf(x,y) = —27”[\/)62 +y2+ f2 + 2xfsin6 —f] (S6)

Yyr(x,y) = —27”[\/)62 +y2+ f2—2xfsin@ — f] (S7)

where 8 = 8° is the off-axis angle for polarization-splitting. Initial Fresnel zone phase terms
(¥xr and ) and the numerically calculated PSFs as a function of the axis depth of the point
light source are shown in Fig. S1. We calculate the far-field distributions for x- and y-polarized
incident light, respectively, using the angular spectrum method?®, since it is not limited by the
paraxial approximation.
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Figure S1| a, Initial Fresnel zone phase term ,,. and 1, of the metasurface for generating
a decoupled pair of conjugate single-helix PSFs. b, Calculated single-helix PSFs for x-
polarized and y-polarized incident light, respectively. The PSF pairs are conjugate with respect
to the geometric image point (intersection point of crosshairs).



To further improve the quality of the single-helix PSFs generated by the metasurface, thus
improving the accuracy of the depth estimation as well as the quality of 2D intensity images,
we use an iterative optimization algorithm, with the initial Fresnel zone phase term design as
the input, to maximize the energy in the main-lobe of the rotating PSF. The iterative
optimization algorithm is schematically shown in Fig. S2.
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Figure S2 | A flow chart of the iterative Fourier transform algorithm for optimizing the
Rotating PSFs of the metasurface, where U = Aexp(iy) represents complex amplitude. The
forward propagation and inverse propagation are calculated using the angular spectrum method.
Uy,(z1)~ Uy (zy) are the complex amplitude of point light sources at different axial depths
(z;~zy) propagated to the metasurface plane.

In this iterative process, we optimize the PSFs within the 360° rotation range, which
corresponds to the effective depth estimation range. Starting from the initially designed phase
profile of the metasurface 1),, we calculate complex amplitudes of PSFs corresponding to 9
different on-axis point light sources (N =9) with depths between 9 cm and 100 cm,
corresponding to U,; (z;) to U, (z9) in Fig. S2. A, is a two-dimensional Gaussian
function centred at the peak of the main lobe of the PSF with cut-off boundaries, which is used
to iteratively increase the fraction of light energy confined in the main lobe of the single-helix
PSF. The optimized PSFs U’y (z;) to U’y (25) are subsequently inversely propagated to
the metasurface plane and are weight-averaged after dividing the complex amplitude of the
incident light. The resultant complex amplitude is given by:
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The weights w,, satisfy YN_, w,, = 1. We fine-tune and set w1 and wo to be relatively
large to obtain a more uniform image quality throughout the depth estimation range since PSFs
corresponding to z1 and z have relatively low qualities in the initial design. The amplitude of
the complex amplitude is subsequently set to unity with the phase retained for the next iteration.
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Figure S3 | a, Initial Fresnel zone phase term ,,. and 1, of the metasurface. b, Optimized
Fresnel zone phase term v,, and ,, of the metasurface. c-d, Comparison between initial

and optimized PSFs.

This optimization process is performed for both x- and y-polarized incident light with ten
iterations each. The initially designed and optimized Fresnel zone phase terms of the
metasurface for both polarization and corresponding PSFs for x-polarized light are shown in
Fig. S3. The peak intensity and contrast between the main-lobe and the side-lobe of single-
helix PSFs are improved by 36% and 71% on average, respectively, within the 360° rotation
range. The full optimized phase profile of the metasurface incorporating the additional focusing
and polarization-splitting term (1, and ,,) and corresponding PSFs for both polarizations are
shown in Fig. 2 of the main text.
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Figure S4 | Calculated single-helix PSFs generated by the optimized phase design, for y-
polarized incident light, when off-axis angle 6 = 0° (a), 8° (b) and 16° (c), respectively. All
calculations are done with the in-focus object plane placed at zb; = 18.0 cm.

We further evaluate the effect of off-axis angle (6) on the quality of the single-helix PSF
using a far-field calculation based on the angular spectrum method. The results show that the
off-axis angle of 8° and 16° has little effect on the rotation angle and the shape of the single-
helix PSF, as shown in Fig. S4. Note that with the off-axis angle induced by the polarization-
splitting phase term, the PSF shown in Fig. S4 is still on-axis.

2. Metasurface unit-cell design and fabrication
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Figure S5 a, Tilted and top view of the unit cell of the metasurface. b, Simulation transmission
phase for x- polarized normally incident plane wave. ¢, Simulation transmittance for x-



polarized normally incident plane wave. d-e, Selected length L and width W of the nanopillars
for independent and continuous control of the transmission phase of x- and y-polarized incident
light. f, Phase error Ay of selected structures. g, Transmittance of selected structures.

The unit-cells of the metasurface are made of 600-nm-tall single-crystalline silicon
nanopillar on a 500-um-thick sapphire substrate. The refractive index of single-crystalline
silicon was measured to be 3.717 with minimum loss at A = 800 nm. We simulate the
transmission amplitude and phase of the metasurface as a function of the nanopillar’s width
and length using the finite-difference time-domain (FDTD) method for x- and y-polarized
incident light, respectively, at A = 800 nm, assuming a periodic boundary condition, to serve
as the library for our metasurface design. The width Wand length L of the nanopillar are swept
in the range of 100 nm to 250 nm, while the period & and height A are fixed at 350 nm and 600
nm, respectively. The simulation results of phase and transmittance for both x-polarized
normally incident light are shown in Fig. S5b,c, and the phase and transmittance of y-polarized
light are the transposes of Z and W of the response for x-polarized light. From the simulation
result, a pair of [L, W] is selected for each pair of target transmission phase of x- and y-
polarized incident light to realize independent and continuous phase control, as is shown in
Fig.S5d,e. The phase error Ay of selected structures is mostly below 0.05 rad, as is shown in
Fig.S5f. The transmittance of selected structures is mostly higher than 0.9, as is shown in
Fig.S5g. The fabrication process of the metasurface is detailed in methods and shown in Fig.
S6.
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Figure S6 | Schematic of the fabrication process flow chart of the metasurface (EBL: electron-
beam-lithography, HSQ: Hydrogen silsesquioxane, BOE: buffered oxide etchant).

3. Characterization of imaging performance of the fabricated metasurface
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Figure S7 | a, Schematic of the experimental setup for the characterization of the polarization
imaging ability of the metasurface. b, Images of the LED array taken with the metasurface-
based flat lens with different polarization angles « of the linear polarizer.

The experimental setup for characterizing the polarization imaging capability of the
metasurface is shown in Fig. S7. The target object is a light-emitting diode (LED) array with a
central wavelength of 780 nm (Thorlabs LIU780A). The light incident from the LED array is
filtered by a bandpass filter with a central wavelength of 800 nm and a bandwidth of 10 nm
(Thorlabs FB800-10) and a linear polarizer (Thorlabs LPNIR100-MP2) before impinging on
the metasurface. Three images with the polarization angle of the linear polarizer rotating from
0° to 90° are displayed in Fig. S7b. When the polarization image pair (I, and I,) of the LED
array reaches the highest contrast by rotating the polarizer, the polarization extinction ratio of
the fabricated metasurface can be estimated, from the mean value of I./I, (background noise
is subtracted), to be 35.6.
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Figure S8 | Schematic of the experimental setup for the measurement of PSFs of the
metasurface.

The setup for experimental measurement of PSFs of the metasurface is detailed in methods
and schematically shown in Fig. S8. The light is incident from the nanopillar side of the
metasurface in the experimental measurement of PSFs of the metasurface since we find that



the birefringence in the sapphire substrate may cause performance deterioration of the
polarization extinction.

4. Diffraction efficiency of the fabricated metasurface

We estimate the diffraction efficiency of the metasurface-based flat lens by performing a
simulation of a metasurface with a relatively small aperture (50-um-diameter) using FDTD
since the full simulation of a 2-mm-aperture metasurface requires an enormous amount of
computer memory, which is not currently available to us. The simulated diffraction efficiency
of x- and y-polarized incident light are both 54.2%, which are in close agreement with the
measured diffraction efficiency of 44.54% and 43.93%. Representative scanning electron
microscopy images of the fabricated metasurface are shown in Fig. S9.

Figure S9 | Scanning electron microscopy images of the fabricated metasurface.

5. Framework of the 4D image retrieval algorithm
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Figure S10 | Framework of the 4D image retrieval algorithm. a, the metasurface camera
captures a raw image of the scene with depth and polarization information encoded. b, Image
processing: image pair cut from the encoded raw image in (a) is processed by image
segmentation and labelling, resulting in a pair of segmented objects with depth information
encoded in the translation vector. The translation vector is retrieved from the pair of segmented
objects by template matching. ¢, The retrieved 4D light field information, including 2D
intensity, depth, and polarization, of the target scene.

As schematically shown in Fig. S10, to retrieve multi-dimensional light field information,
including 2D intensity, depth, and polarization, of the target scene, we first cut a pair of images
from the captured raw image. This pair of images are cut to have identical sizes. Image
segmentation is subsequently performed to the image pair to label individual target objects. We
first apply Canny edge detector® to the encoded image pair. Subsequently, connected area
detection is applied to segment objects with closed edges, followed by removing too small
objects to avoid noise points and redundant edges. Simple edge detection may result in the
segmentation of unwanted areas. For example, for a target with the shape of the letter “A”, the
enclosed hollow area may also be segmented as a target. Therefore, image binarization with an
adaptive threshold is also performed to the encoded image pair. Each labelled area is compared
with the result of binarization, and areas with an overlapping ratio less than 0.8 are removed,
resulting in an image pair composed of segmented objects.

To calculate the depth of each segmented object, with each segmented object assumed to
have a uniform depth, we perform template matching for each segmented object to retrieve the
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value of the translation vector. In the template matching process, the template taken from one
image slides in the image that is to be matched to search for the best match within the area of
possible translation. The goal is to minimize the sum of absolute difference (SAD) of the
grayscale value of all pixels combined. Since the modulus of the translation vector is kept
almost invariant, the area of possible translation has a ring shape. This helps us minimize the
sliding area, thus reducing the computation cost. The depth value is then calculated from the
orientation angle of the best-matched translation vector (with minimal SAD value) according
to:

2(i) = 1/ [2te0en), | (sg)

where z(i) and ¢(i) are depth and orientation angle of the translation vector for the it"

segmented object. z; and ¢, are the depth of the in-focus object plane and its corresponding
orientation angle of the translation vector. V' is a constant determined by the initial design of
the single-helix PSF.

To retrieve the all-in-focus 2D intensity for both polarization (I, and I, ), outlines of
segmented objects are used to select the area of the target objects from the encoded image, and
each object is translated back to the position of the geometric image according to the translation
vectors. Subsequently, the polarization contrast (I,./1,)) can also be retrieved.

To improve the accuracy of depth estimation, the values of the translation vector are refined.
Each initially retrieved translation vector is quantified by pixel number (u,v), where u and
v are discrete integer values representing coordinates along the x- and y- direction on the
photosensor plane. This results in discrete values of depth and hence limited accuracy. To
overcome this limitation, the SAD values for 4-neighbourhoods of the best-matched vector are
taken into consideration. The refined value of translation vector is (u + Au,v + Av),
where Au and Av are given by:

(SAD(u-1,v)-SAD(u,v))-(SAD(u+1,v)-SAD(u,v))
(SAD(u—1,v)-SAD(w,v))+(SAD(u+1,v)-SAD(u,v))

Ax = 0.5 X (S10)

(SAD(w,v—1)-SAD(u,v))—(SAD(u,v+1)—SAD(u,v))

Ay = 05X (SAD(u,v-1)-SAD(u,v))+(SAD(u,v+1)-SAD(u,v))

(S11)

where SAD(u,v) is the SAD value for the best-matched translation vector, SAD (u — 1,v),
SAD(u,v) and SAD(u,v), SAD(u,v) arethe SAD values for 4-neighbourhoods of the best-
matched vector. The refined value of the translation vector is shifted towards the
neighbourhood with a lower SAD value, with Au and Av both below 0.5 pixels. In this way,
we obtain successive depth values and, consequently, higher depth estimation accuracy. The
shift of the rotation angle due to off-axis aberration® is also corrected.

To further verify the robustness of the 4D imaging retrieval framework, we performed
imaging experiments on alternative scene with up to 8 objects, with results shown in Fig. S11.
The mean error of depth estimation is still well below 1% (Fig. 3f in the main text).
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Figure S11 | a, Photograph of the alternative scene. b, Encoded image-pair captured by the
metasurface camera. ¢, Retrieved depth map of the alternative scene, with a normalized mean
absolute error (NMAE) of 0.52%, respectively. d, Decoded all-in-focus polarization image pair.

We also quantitatively evaluate the depth estimation error for outdoor dynamic scene, as
is shown in Fig. S12. The NMAE of depth estimation for the still and the moving toy car are
0.78% and 1.26%, respectively. The slightly higher depth estimation error for the outdoor
dynamic scene, in comparison with indoor static scenes, may be due to the longer depth range,
motion artifact and additional noise.
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Figure S12 | Comparison of the calculated depth to the ground truth as a function of time, for
the outdoor dynamic scene shown in Figure 4 of the main text.

6. Depth estimation range and accuracy

At a given zbj, the mean absolute error (MAE) of the estimated depth is inversely
proportional to the rotation speed of the single-helix PSF. According to Supplementary Section
1, the rotation speed of the single-helix PSF,
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where D = 2R s the diameter of the metasurface aperture. The rotation speed of the single-
helix PSF as a function of zp; and D is shown in Fig. S13. According to Eq. S12, MAE of
the estimated depth is inversely proportional to the square of D and proportional to the square
of zpbj. The normalized mean absolute error (NMAE, defined as MAE / zob;) of the estimated
depth is also inversely proportional to the square of D but proportional to zb;. Therefore, a
metasurface with a larger aperture diameter can perform equally high accuracy depth
estimation (with the same NMAE) for much further distances. A metasurface with a 5-cm-
diameter can have an NMAE < 1% for depth estimation at a 200-m-range.
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Figure S13 | PSF rotation speed as a function of the axial depth of the object zb; and the
diameter of the metasurface aperture D. The white lines are contours of equal relative depth
estimation accuracy. The yellow star corresponds to the demonstrated prototype metasurface
camera with NMAE < 1% at D = 0.2cm, zb = 0.3m. The red star indicates a
metasurface with D = 5 cm canhave NMAE < 1% at an axial depth of 200 m.

7. Depth estimation accuracy quantified by the Fisher information

To evaluate the depth estimation accuracy of an imaging system with single-helix PSFs,
we use a statistical information theory measure called the Fisher information”%, Fisher
information measures the sensitivity of the PSF in response to changes of the 3D location of
the scene point under the inevitable existence of noise. The Fisher information is given by:

1 Ny, , (OPSF(wv;n\?
FIZ(r) = U'Izvzgzl 11;]=1 (—azEE ) (813)

where © = (x,y,z) is the 3D location of the target object. FI,(7) is the Fisher information
of the PSF along the depth (z) dimension. u and v are the coordinates of the pixel on the
photosensor plane, with a total number of N, and N, along each direction. PSF(u,v;7) is
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the PSF’s intensity value at the pixel (u,v) for the target object at #, which is normalized
such that the maximum irradiance is equal to one. ¢ is the variance of per-pixel noise. The
reciprocal root of Fisher information is the Cramér-Rao lower bound (CRLB), which is the
lower bound of the depth estimation variance over all unbiased estimators given by:

E(z, — 2)* 2 odpp = [FI,(N]™" (S14)

where z, is the estimated depth of the target object. Therefore, ocgrig Qquantifies the
theoretical limit of the depth estimation accuracy. We calculate the ocgig for depth estimation
using a standard lens and an optimized pair of single-helix PSFs, respectively, with the results
shown in Fig. S14. Both imaging systems are assumed to have an aperture size and focal length
identical to the prototype metasurface camera. The signal-to-noise ratio is assumed as 10,
resulting in oy = 0.1 for each imaging system.
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Figure S14 | Calculated standard deviation of the lower limit of depth estimation accuracy
ocrip for the PSF of a standard lens and an optimized pair of single-helix PSFs, respectively.

As is shown in Fig. S14, an imaging system with a pair of single-helix PSFs has a
theoretical limit of depth estimation variance that is over two orders of magnitude less than an
imaging system equipped with a standard lens.

8. Extended depth of field imaging
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Figure S15 | a, Calculated PSFs of the metasurface for point light sources at different axial
depths, for x-polarized incident light. b, Calculated PSFs of a standard lens for point light
sources at different axial depths.
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The metasurface lens based on the single-helix PSF pair can acquire high-quality all-in-
focus 2D images with an extended depth of field, as can be observed from the comparison
between numerically calculated PSFs of the metasurface and a standard lens with identical
aperture size and focal length for point light sources located at different axial depths, with the
in-focus object plane both placed at zbj = 18.0 cm. As is shown in Fig. S15, the PSFs of the
metasurface can remain tight over a large depth range, while PSFs of the standard lens quickly
become blurry.

C Single-helix Standard lens

Zobj=0.25m

Metasurface Camera =
, :

Zobj= 0.8 m
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Figure S16 | a, Photograph of the metasurface camera and a scene composed of target objects
located both at very far and close distances, respectively. b, Polarization image pair captured
by the metasurface camera. ¢, Calculated PSFs of the metasurface and a standard lens,
respectively, both with the in-focus object plane at zob;j= 0.8 m.

We further experimentally demonstrate the use of the metasurface camera for imaging over
an extended depth of field. As is shown in Fig. S16a,b, images taken by the metasurface can
remain sharp for both objects at very far and close distances (300 m and 0.25 m), respectively.
In comparison, for a standard lens with the same aperture size and focal length, one of the
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objects at a very far and close distance will inevitably become blurry due to the rapid spread of
the PSF as a function of the object depth (Fig. S16c).

9. Design for full-Stokes polarization and depth imaging

As schematically shown in Fig. S17a, a relatively straightforward way to realize single-
shot depth and full-Stokes polarization imaging is to use three groups of spatially multiplexed
meta-atoms to independently control the light with three pairs of orthogonal polarization states.
When imaging using such a metasurface, full-Stokes polarization and depth information of the
target scene are encoded in six sub-images, corresponding to light of three pairs of orthogonal
polarization states, on different areas of the photosensor plane, as shown in Fig. S17b. The
PSFs of the six sub-images are three pairs of conjugate single-helix PSFs, as shown in Fig.
S17c. Compared with the current design, such a design may further increase the accuracy and
robustness of depth estimation since there are three pairs of sub-images with conjugate single-
helix PSFs. The trade-off is that the pixel number of each output image is reduced by three
times, if the total pixel number of the photosensor is fixed.

a
QO v o
B EE ==& O O
RN XX
LRI R I R
EEm==
1. e :6 0; NS
b o p'ane c CCD Plane
Metasurface O E
Point light () : /DOEOB\
' , =~ \ ,,,,,,, A I EHE ‘ ,,,,,
e I N

Figure S17 | a, Schematic of spatially multiplexed metasurface that can independently control
light with 3 pairs of orthogonal polarization states, including 0° and 90° linear polarization, 45°
and 135° linear polarization, and left- and right-circular polarization, respectively. b,
Schematic of using a metasurface to image a point light source, with full-Stokes polarization
and depth information of the point light source encoded in six sub-images, corresponding to 3
pairs of orthogonal polarization states, on different areas of the photosensor plane. ¢, Schematic
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of 3 pairs of conjugate single-helix PSFs recorded on the photosensor plane, with each pair of
orthogonal polarization states corresponding to a pair of conjugate single-helix PSFs.
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