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Web Appendix A

Likelihood function

Specific details on the EM algorithm for our MLMM are provided below. Let θ = (β⊤
,σ

⊤)⊤, where β is the vector

of all fixed effects and σ is the vector of all variance components (unique components that make up Σb, Σs, and

Σϵ), denote our set of parameters we wish to estimate. Also let Dij denote the design matrix for the fixed effects,

β, for cluster i at period j. We can express the fully observed likelihood of our MLMM using

f(Y , b, s∣θ) =
I

∏
i=1

T

∏
j=1

Nij

∏
k=1

f(Yijk∣bi, sij ;θ)f(bi∣θ)f(sij∣θ),

where f(Yijk∣bi, sij ;θ), f(bi∣θ) and f(sij∣θ) are the conditional multivariate normal density of the outcome,

multivariate normal density for the random cluster effects and multivariate normal density for the random cluster-

by-time interactions given by

f(Yijk∣bi, sij ;θ) = (2π)−L/2∣Σϵ∣−1/2 exp {−
1

2
(Yijk −Dijβ − bi − sij)⊤Σ−1

ϵ (Yijk −Dijβ − bi − sij)}

f(bi∣θ) = (2π)−L/2∣Σb∣−1/2 exp {−
1

2
b
⊤
i Σ

−1
b bi}

f(sij∣θ) = (2π)−L/2∣Σs∣−1/2 exp {−
1

2
s
⊤
ijΣ

−1
s sij} .

Ignoring the normalization constant, we can write the log-likelihood as

ℓ(Y , b, s∣θ) ≈ −
∑I

i=1 ∑T
j=1Nij

2
log ∣Σϵ∣ −

IT

2
log ∣Σs∣ −

I

2
log ∣Σb∣ −

1

2

I

∑
i=1

b
⊤
i Σ

−1
b bi −

1

2

I

∑
i=1

T

∑
j=1

s
⊤
ijΣ

−1
s sij

−
1

2

I

∑
i=1

T

∑
j=1

Nij

∑
k=1

(Yijk −Dijβ − bi − sij)⊤Σ−1
ϵ (Yijk −Dijβ − bi − sij).

To generate the score functions for the maximization step we take the partial derivative of our log-likelihood with

respect to a particular parameter, set the expression equal to zero, and solve for that parameter.

Score functions for EM algorithm

Score function for fixed effects, β

To compute the score function for β we only need to consider the parts of the log-likelihood that contain this

parameter, specifically, −
1

2
∑I

i=1 ∑T
j=1 ∑

Nij

k=1(Yijk −Dijβ − bi − sij)⊤Σ−1
ϵ (Yijk −Dijβ − bi − sij). Before we take

the partial derivative, we can further simplify this expression by removing any terms that do not involve β leaving
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us with

I

∑
i=1

T

∑
j=1

Nij

∑
k=1

β
⊤
D

⊤
ijΣ

−1
ϵ (Yijk − bi − sij) −

1

2

I

∑
i=1

T

∑
j=1

Nij

∑
k=1

β
⊤
D

⊤
ijΣ

−1
ϵ Dijβ.

Taking the partial derivative with respect to β gives us

∂

∂β
=

I

∑
i=1

T

∑
j=1

Nij

∑
k=1

D
⊤
ijΣ

−1
ϵ (Yijk − bi − sij) −

I

∑
i=1

T

∑
j=1

Nij

∑
k=1

D
⊤
ijΣ

−1
ϵ Dijβ.

To derive the expression of the score function we set the partial derivative equal to zero and solve for β giving us

0 =

I

∑
i=1

T

∑
j=1

Nij

∑
k=1

D
⊤
ijΣ

−1
ϵ (Yijk − bi − sij) −

I

∑
i=1

T

∑
j=1

Nij

∑
k=1

D
⊤
ijΣ

−1
ϵ Dijβ

S(β) =
⎛
⎜
⎝

I

∑
i=1

T

∑
j=1

Nij

∑
k=1

D
⊤
ijΣ

−1
ϵ Dij

⎞
⎟
⎠

−1
I

∑
i=1

T

∑
j=1

Nij

∑
k=1

D
⊤
ijΣ

−1
ϵ (Yijk − bi − sij).

Score function for covariance components of random effects, Σb and Σs

To generate the score function for Σb we only need to consider −
I

2
log ∣Σb∣ −

1

2
∑I

i=1 b
⊤
i Σ

−1
b bi =

I

2
log ∣Σ−1

b ∣ −
1

2
∑I

i=1 b
⊤
i Σ

−1
b bi of the log-likelihood. Taking the partial derivative with respect to Σ

−1
b we have

∂

∂Σ−1
b

=
I

2
Σb −

1

2

I

∑
i=1

bib
⊤
i .

Again setting the partial derivative equal to zero and solving for Σb gives us our score function

0 =
I

2
Σb −

1

2

I

∑
i=1

bib
⊤
i

S(Σb) =
1

I

I

∑
i=1

bib
⊤
i .

To generate the score function forΣs we only need to consider −
IT

2
log ∣Σs∣−

1

2
∑I

i=1 ∑T
j=1 s

⊤
ijΣ

−1
s sij =

IT

2
log ∣Σ−1

s ∣−
1

2
∑I

i=1 ∑T
j=1 s

⊤
ijΣ

−1
s sij of the log-likelihood. Taking the partial derivative with respect to Σ

−1
s we have

∂

∂Σ−1
s

=
IT

2
Σs −

1

2

I

∑
i=1

T

∑
j=1

sijs
⊤
ij .

Setting the partial equal to zero and solving for Σs gives us our score function

0 =
IT

2
Σs −

1

2

I

∑
i=1

T

∑
j=1

sijs
⊤
ij
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S(Σs) =
1

IT

I

∑
i=1

T

∑
j=1

sijs
⊤
ij .

Score function for covariance components of error term, Σϵ

To generate the score function ofΣϵ we only need to consider −(∑I
i=1 ∑T

j=1Nij/2) log ∣Σϵ∣−
1

2
∑I

i=1 ∑T
j=1 ∑

Nij

k=1(Yijk−

Dijβ−bi−sij)⊤Σ−1
ϵ (Yijk −Dijβ−bi−sij) = (∑I

i=1 ∑T
j=1Nij/2) log ∣Σ−1

ϵ ∣− 1

2
∑I

i=1 ∑T
j=1 ∑

Nij

k=1(Yijk −Dijβ−bi−

sij)⊤Σ−1
ϵ (Yijk −Dijβ − bi − sij) of the log-likelihood. Taking the partial derivative with respect to Σ

−1
ϵ we have

∂

∂Σ−1
ϵ

=

∑I
i=1 ∑T

j=1Nij

2
Σϵ −

1

2

I

∑
i=1

T

∑
j=1

Nij

∑
k=1

(Yijk −Dijβ − bi − sij)(Yijk −Dijβ − bi − sij)⊤

Setting the partial derivative equal to zero and solving for Σϵ gives us our score function

0 =

∑I
i=1 ∑T

j=1Nij

2
Σϵ −

1

2

I

∑
i=1

T

∑
j=1

Nij

∑
k=1

(Yijk −Dijβ − bi − sij)(Yijk −Dijβ − bi − sij)⊤

S(Σϵ) =
1

∑I
i=1 ∑T

j=1Nij

I

∑
i=1

T

∑
j=1

Nij

∑
k=1

(Yijk −Dijβ − bi − sij)(Yijk −Dijβ − bi − sij)⊤.

This is broken down into the following components

S(Σϵ) =
1

∑I
i=1 ∑T

j=1Nij

{
I

∑
i=1

T

∑
j=1

Nij

∑
k=1

(Yijk −Dijβ)(Yijk −Dijβ)⊤ +
I

∑
i=1

T

∑
j=1

Nijbib
⊤
i +

I

∑
i=1

T

∑
j=1

Nijsijs
⊤
ij

−
I

∑
i=1

bi
⎛
⎜
⎝

T

∑
j=1

Nij

∑
k=1

(Yijk −Dijβ)⊤
⎞
⎟
⎠
−

I

∑
i=1

⎛
⎜
⎝

T

∑
j=1

Nij

∑
k=1

(Yijk −Dijβ)
⎞
⎟
⎠
b
⊤
i

−
I

∑
i=1

T

∑
j=1

sij
⎛
⎜
⎝

Nij

∑
k=1

(Yijk −Dijβ)⊤
⎞
⎟
⎠
−

I

∑
i=1

T

∑
j=1

⎛
⎜
⎝

Nij

∑
k=1

(Yijk −Dijβ)
⎞
⎟
⎠
s
⊤
ij

+
I

∑
i=1

bi (
T

∑
j=1

Nijs
⊤
ij) +

I

∑
i=1

(
T

∑
j=1

Nijsij) b⊤i }.

Expected values for EM algorithm

We need to derive expressions for E bi, E sij , E bib
⊤
i , E sijs

⊤
ij , and for the expected value of all crossproducts of bi

and sij . To achieve this we re-parameterize our MLMM to the equivalent expression

Yijk = D
⊤
ijβ +M

⊤
ijϕi + ϵijk,
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where ϕi = (b⊤i , s⊤ij)⊤ is a vector of all random effects for cluster i and follows a multivariate normal distribution

characterized by N (0T+1,Σϕ) with Σϕ = diag (Σb, IT ⊗Σs) where IT denotes a T × T identity matrix. Further,

Mij is the design matrix for the random effects, ϕi, for cluster i at time j. This gives us the following likelihoods

and likelihood function

f(Yijk∣ϕi,θ) = (2π)−L/2∣Σϵ∣−1/2 exp {−
1

2
(Yijk −Dijβ −M

⊤
ijϕi)⊤Σ−1

ϵ (Yijk −Dijβ −M
⊤
ijϕi)}

f(ϕi∣θ) = (2π)−L/2∣Σϕ∣−1/2 exp {−
1

2
ϕ

⊤
i Σ

−1
ϕ ϕi}

f(Y ,ϕ∣θ) =
I

∏
i=1

T

∏
j=1

Nij

∏
k=1

f(Yijk∣ϕi,θ)f(ϕi∣θ).

Ignoring the normalization constant, we can write the log-likelihood as

ℓ(Y ,ϕ∣θ) ≈ −
I

2
log ∣Σb∣ −

I

2
log ∣IT ⊗Σs∣ −

∑I
i=1 ∑T

j=1Nij

2
log ∣Σϵ∣

−
1

2

I

∑
i=1

T

∑
j=1

Nij

∑
k=1

(Yijk −Dijβ −M
⊤
ijϕi)⊤Σ−1

ϵ (Yijk −Dijβ −M
⊤
ijϕi) −

1

2

I

∑
i=1

b
⊤
i Σ

−1
b bi −

1

2

I

∑
i=1

s
⊤
i (IT ⊗Σ

−1
s )si

Under this equivalent MLMM expression our score function for Σϵ becomes

S(Σϵ) =
1

∑I
i=1 ∑T

j=1Nij

I

∑
i=1

T

∑
j=1

Nij

∑
k=1

(Yijk −Dijβ −M
⊤
ijϕi)(Yijk −Dijβ −M

⊤
ijϕi)⊤

=
1

∑I
i=1 ∑T

j=1Nij

I

∑
i=1

T

∑
j=1

Nij

∑
k=1

(Yijk −Dijβ)(Yijk −Dijβ)⊤ −
1

∑I
i=1 ∑T

j=1Nij

I

∑
i=1

T

∑
j=1

N

∑
k=1

M
⊤
ijϕi(Yijk −Dijβ)⊤

−
1

∑I
i=1 ∑T

j=1Nij

I

∑
i=1

T

∑
j=1

Nij

∑
k=1

(Yijk −Dijβ)ϕ⊤
i Mij +

1

∑I
i=1 ∑T

j=1Nij

I

∑
i=1

T

∑
j=1

Nij

∑
k=1

M
⊤
ijϕiϕ

⊤
i Mij .

Further, the posterior distribution of the random effects for cluster i is f(ϕi∣Yi;θ) = f(Yi,ϕi∣θ)/f(Yi∣θ), which

is proportional to

exp

⎧⎪⎪⎪⎨⎪⎪⎪⎩
−

T

∑
j=1

Nij

∑
k=1

ϕ
⊤
i MijΣ

−1
ϵ (Yijk −D

⊤
ijβ) −

1

2
ϕ

⊤
i (Σ−1

ϕ +Nij

T

∑
j=1

MijΣ
−1
ϵ M

⊤
ij)ϕi

⎫⎪⎪⎪⎬⎪⎪⎪⎭
,

where Yi = (Y ⊤
i11, . . . ,Y

⊤
iTNiT

)⊤ is a vector of all outcomes measured in cluster i. Now we can easily generate the

expected value of ϕi and ϕiϕ
⊤
i through the realization that f(ϕi∣Yi;θ) is proportional to a multivariate normal

distribution with mean E(ϕi∣Yi,θ) and covariance V(ϕi∣Yi,θ) given by

E(ϕi∣Yi,θ) = (Σ−1
ϕ +Nij

T

∑
j=1

MijΣ
−1
ϵ M

⊤
ij)

−1 T

∑
j=1

Nij

∑
k=1

MijΣ
−1
ϵ (Yijk −D

⊤
ijβ)

5



V(ϕi∣Yi,θ) = (Σ−1
ϕ +Nij

T

∑
j=1

MijΣ
−1
ϵ M

⊤
ij)

−1

E(ϕiϕ
⊤
i ∣Yi,θ) = V(ϕi∣Yi,θ) + E(ϕi∣Yi,θ)E(ϕi∣Yi,θ)⊤.

Estimation via EM algorithm

The EM algorithm is an iterative process for maximizing the likelihood of a model and includes two steps: (1)

generating the expected values of the missing data (i.e. random effects) given the current parameter estimates

and (2) using those expected values to generate updated parameter estimates using score functions. The first step

fittingly refers to the expectation stage and the second step to the maximization stage since the score function for

each parameter produces a value that maximizes the likelihood. The EM algorithm iterates between these two steps

until convergence is met.

More specifically, to start the EM algorithm we need to provide initial parameter values, denoted by β
0
and σ

0
.

In our algorithm we use individually fitted LMMs, one for each outcome, to initialize all parameters. Next, the

expected values of ϕi and ϕiϕ
⊤
i are computed using the expressions derived above and then used in the score

functions in place of ϕi and ϕiϕ
⊤
i to generate updated parameter estimates, β

1
and σ

1
. These new parameter

estimates are then used to generate new expected values which are then used to produce a new set of updated

parameter values. This process continues until the likelihood converges, usually defined as a negligible change in

the likelihood (i.e. 10
−5
).

Web Appendix B

Derivation of Ṽi

MLMM under Cluster-Period Means Approach

We can simplify our approach using cluster-period means (Li et al., 2021; Davis-Plourde et al., 2021). Let Y ij =

(Y ij1, . . . , Y ijL)⊤ where Y ijl =
1

N
∑N

k=1 Yijkl. Also let ϵij = (ϵij1, . . . , ϵijL)⊤ with ϵijl =
1

N
∑N

k=1 ϵijkl. Our MLMM

is equivalent to

Y ij = β0 + βj +Xijδ + bi + sij + ϵij .
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Within-Period Block of Ṽi

The variance of Y ijl is

var(Y ijl) = cov( 1

N

N

∑
k=1

Yijkl,
1

N

N

∑
k=1

Yijkl)

=
1

N2
(Nvar(Yijkl) +N(N − 1)cov(Yijkl, Yijk′l))

=
1

N
(σ2

bl + σ
2
sl + σ

2
ϵl + (N − 1)(σ2

bl + σ
2
sl))

= σ
2
bl + σ

2
sl +

σ
2
ϵl

N
.

The covariance between outcomes in the same period is

cov(Y ijl, Y ijl′) = cov( 1

N

N

∑
k=1

Yijkl,
1

N

N

∑
k=1

Yijkl′)

=
1

N2
(Ncov(Yijkl, Yijkl′) +N(N − 1)cov(Yijkl, Yijk′l′))

=
1

N
(σbll′ + σsll′ + σϵll′ + (N − 1)(σbll′ + σsll′))

= σbll′ + σsll′ +
σϵll′

N
.

Therefore, the within-period block is Σb +Σs +
1

N
Σϵ.

Between-Period Block of Ṽi

Recall that subjects are sampled cross-sectionally, therefore, k ≠ k
′
. The within outcome covariance between periods

is

cov(Y ijl, Y ij ′l) = cov( 1

N

N

∑
k=1

Yijkl,
1

N

N

∑
k′
=1

Yij ′k′l)

=
1

N2
(N2

cov(Yijkl, Yij ′k′l))

= σ
2
bl.

The between outcome covariance between periods is

cov(Y ijl, Y ij ′l′) = cov( 1

N

N

∑
k=1

Yijkl,
1

N

N

∑
k′
=1

Yij ′k′l′)

=
1

N2
(N2

cov(Yijkl, Yij ′k′l′))

= σbll′ .

7



Therefore, the between-period block is Σb.

Combining Within-Period and Between-Period Blocks to obtain Ṽi

Ṽi is block exchangeable, therefore, we can combine the within-period and between-period blocks using Ṽi =

IT ⊗ (WP −BP ) + JT ⊗BP , where WP is the within-period block, BP is the between-period block, IT is a

T × T identity matrix, and JT is a T × T matrix of ones. This gives us

Ṽi = IT ⊗ (Σb +Σs +
1

N
Σϵ −Σb) + JT ⊗Σb

= IT ⊗ (Σs +
1

N
Σϵ) + JT ⊗Σb. (1)

.

Derivation of Ṽ
−1
i

Section 2.1 of Leiva (2007) states that given a block exchangeable matrix of the form, A = Iu ⊗ (B −C)+Ju ⊗C,

if B −C and B + (u − 1)C are non-singular matrices, then

A
−1

= Iu ⊗ (B −C)−1 + Ju ⊗
1
u[{B + (u − 1)C}−1 − (B −C)−1]. (2)

This means that

Ṽ
−1
i = IT ⊗ (WP −BP )−1 + JT ⊗

1

T
[{WP + (T − 1)BP }−1 − (WP −BP )−1]

= IT ⊗ (Σs +
1

N
Σϵ)

−1

+ JT ⊗
1

T
[(Σb +Σs +

1

N
Σϵ + (T − 1)Σb)

−1

− (Σs +
1

N
Σϵ)

−1

]

= IT ⊗ (Σs +
1

N
Σϵ)

−1

+ JT ⊗
1

T
[(TΣb +Σs +

1

N
Σϵ)

−1

− (Σs +
1

N
Σϵ)

−1

] . (3)

Derivation of covariance expression, Ωδ

Let Zi = (IT ,Xi)⊗ IL where Xi is the randomization schedule for cluster i. The covariance matrix for the model

estimators are (∑I
i=1 Z

⊤
i Ṽ

−1
i Zi)−1 where

I

∑
i=1

Z
⊤
i Ṽ

−1
i Zi =

I

∑
i=1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎛
⎜⎜⎜
⎝

IT

X
⊤
i

⎞
⎟⎟⎟
⎠
⊗ IL

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Ṽ

−1
i [( IT Xi )⊗ IL] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ω11 Ω12

Ω21 Ω22

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

where Ω11 is a TL× TL matrix, Ω12 = Ω
⊤
21 is a TL×L matrix, and Ω22 is a L×L matrix. Block matrix inversion

gives us Ωδ = Ω
−1
22 = (Ω22 −Ω21Ω

−1
11Ω12)−1.
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We can rewrite Ṽi as

Ṽ
−1
i = IT ⊗A + JT ⊗

1

T
[B −A] ,

where A = (Σs +
1

N
Σϵ)

−1

and B = (TΣb +Σs +
1

N
Σϵ)

−1

. Using this expression we can generate our Ωs.

Derivation of Ω11 and Ω
−1
11

Ω11 =

I

∑
i=1

(IT ⊗ IL)Ṽ −1
i (IT ⊗ IL)

=

I

∑
i=1

(IT ⊗A + JT ⊗
1

T
[B −A])

= I (IT ⊗A + JT ⊗
1

T
[B −A])

= IṼ
−1
i .

Therefore, Ω
−1
11 =

1

I
Ṽi =

1

I
[IT ⊗ (Σs +

1

N
Σϵ) + JT ⊗Σb].

Derivation of Ω12 = Ω
⊤
21

Ω12 = Ω
⊤
21 =

I

∑
i=1

(IT ⊗ IL)Ṽ −1
i (Xi ⊗ IL)

=

I

∑
i=1

Xi ⊗A +
I

∑
i=1

T

∑
j=1

Xij1T ⊗
1

T
[B −A]

=

I

∑
i=1

Xi ⊗A + U1T ⊗
1

T
[B −A]

=

I

∑
i=1

Xi ⊗ (Σs +
1

N
Σϵ)

−1

+ U1T ⊗
1

T
[(TΣb +Σs +

1

N
Σϵ)

−1

− (Σs +
1

N
Σϵ)

−1

] ,

where U = ∑T
j=1Xij .

Derivation of Ω22

Ω22 =

I

∑
i=1

(X⊤
i ⊗ IL)Ṽ −1

i (Xi ⊗ IL)

=

I

∑
i=1

T

∑
j=1

X
2
ij ⊗A +

I

∑
i=1

(
T

∑
j=1

Xij)
2

⊗
1

T
[B −A]

= U ⊗A + V ⊗
1

T
[B −A]

9



= UA +
V

T
[B −A]

= U (Σs +
1

N
Σϵ)

−1

+
V

T
[(TΣb +Σs +

1

N
Σϵ)

−1

− (Σs +
1

N
Σϵ)

−1

] ,

where V = ∑I
i=1 (∑T

j=1Xij)
2
.

Derivation of Ωδ = Ω
−1
22

We have the following matrices for our block inversion formula, Ωδ = Ω
−1
22 = (Ω22 −Ω21Ω

−1
11Ω12)−1,

Ω22 = U (Σs +
1

N
Σϵ)

−1

+
V

T
[(TΣb +Σs +

1

N
Σϵ)

−1

− (Σs +
1

N
Σϵ)

−1

]

Ω12 = Ω
⊤
21 =

I

∑
i=1

Xi ⊗ (Σs +
1

N
Σϵ)

−1

+ U1T ⊗
1

T
[(TΣb +Σs +

1

N
Σϵ)

−1

− (Σs +
1

N
Σϵ)

−1

]

Ω
−1
11 =

1

I
[IT ⊗ (Σs +

1

N
Σϵ) + JT ⊗Σb] .

This gives us

Ω21Ω
−1
11Ω12 =

1

I
((W −

U
2

T
) (Σs +

1

N
Σϵ)

−1

+
U

2

T
(TΣb +Σs +

1

N
Σϵ)

−1

(Σs +
1

N
Σϵ) (TΣb +Σs +

1

N
Σϵ)

−1

+ U
2 (TΣb +Σs +

1

N
Σϵ)

−1

Σb (TΣb +Σs +
1

N
Σϵ)

−1

)

Ω22 −Ω21Ω
−1
11Ω12 =

1

IT
[(ITU − TW + U

2
− IV ) (Σs +

1

N
Σϵ)

−1

− (U2
− IV ) (TΣb +Σs +

1

N
Σϵ)

−1

]

Ωδ = IT [(ITU − TW + U
2
− IV ) (Σs +

1

N
Σϵ)

−1

+ (IV − U
2) (TΣb +Σs +

1

N
Σϵ)

−1

]
−1

,

where W = ∑T
j=1 (∑I

i=1Xij)
2
.

We can map the variance component parameters to the set of unique ICC parameters by observing σ
2
bl = σ

2
ylρ

l
1,

σbll′ = σylσyl′ρ
ll

′

1 , σ
2
sl = σ

2
yl(ρl0 − ρ

l
1), σsll′ = σylσyl′(ρll

′

0 − ρ
ll

′

1 ), σ2
ϵl = σ

2
yl(1 − ρ

l
0) and σϵll′ = σylσyl′(ρll

′

2 − ρ
ll

′

0 ). We

can further let Γ0, Γ1, Γ2 denote the within-period ICC matrix, between-period ICC matrix and intra-subject ICC

matrix across L endpoints, defined as

Γ0 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

ρ
1
0 ρ

12
0 . . . ρ

1L
0

ρ
12
0 ρ

2
0 . . . ρ

2L
0

⋮ ⋮ ⋱ ⋮

ρ
1L
0 ρ

2L
0 . . . ρ

L
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

, Γ1 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

ρ
1
1 ρ

12
1 . . . ρ

1L
1

ρ
12
1 ρ

2
1 . . . ρ

2L
1

⋮ ⋮ ⋱ ⋮

ρ
1L
1 ρ

2L
1 . . . ρ

L
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

, Γ2 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1 ρ
12
2 . . . ρ

1L
2

ρ
12
2 1 . . . ρ

2L
2

⋮ ⋮ ⋱ ⋮

ρ
1L
2 ρ

2L
2 . . . 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.
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Defining the diagonal matrix of outcome variances as Λy = diag(σ2
y1, . . . , σ

2
yL), we can further rewrite the covariance

matrix of the intervention effect estimators in terms of the ICCs through the realization that Σb = Λ
1/2
y Γ1Λ

1/2
y ,

Σs = Λ
1/2
y (Γ0 − Γ1)Λ1/2

y , and Σϵ = Λ
1/2
y (Γ2 − Γ0)Λ1/2

y giving us

Ωδ = IT[ (ITU − TW + U
2
− IV ) (Λ1/2

y (Γ0 − Γ1)Λ1/2
y +

1

N
Λ

1/2
y (Γ2 − Γ0)Λ1/2

y )
−1

− (U2
− IV ) (TΛ1/2

y Γ1Λ
1/2
y +Λ

1/2
y (Γ0 − Γ1)Λ1/2

y +
1

N
Λ

1/2
y (Γ2 − Γ0)Λ1/2

y )
−1

]
−1

=
IT

N
Λ

1/2
y [ (ITU − TW + U

2
− IV ) (N (Γ0 − Γ1) + Γ2 − Γ0)−1

− (U2
− IV ) (TNΓ1 +N (Γ0 − Γ1) + Γ2 − Γ0)−1 ]

−1

Λ
1/2
y

=
IT

N
Λ

1/2
y [ (ITU − TW + U

2
− IV ) (Γ2 −NΓ1 + (N − 1)Γ0)−1

− (U2
− IV ) (Γ2 + (T − 1)NΓ1 + (N − 1)Γ0)−1 ]

−1

Λ
1/2
y .

Connection to Hooper and Girling model: Σb, Σs, and Σϵ as scalars

If we only have one outcome, y, then Σϵ, Σs, and Σb are scalars, i.e. Σϵ = σ
2
ϵ , Σb = σ

2
s , and Σb = σ

2
b , then we

would have

var(δ̂) = IT [(ITU − TW + U
2
− IV ) (σ2

s +
1

N
σ
2
ϵ)

−1

− (U2
− IV ) (Tσ2

b + σ
2
s +

1

N
σ
2
ϵ)

−1

]
−1

=
IT

N
[(ITU − TW + U

2 − IV )(TNσ2
b +Nσ

2
s + σ

2
ϵ ) − (U2 − IV )(Nσ2

s + σ
2
ϵ )

(TNσ2
b +Nσ2

s + σ2
ϵ )(Nσ2

s + σ2
ϵ )

]
−1

=
(IT/N)(TNσ2

b +Nσ
2
s + σ

2
ϵ )(Nσ2

s + σ
2
ϵ )

(ITU − TW + U2 − IV )(TNσ2
b +Nσ2

s + σ2
ϵ ) − (U2 − IV )(Nσ2

s + σ2
ϵ )
.

The total variance of the outcome, y, is σ
2
y = σ

2
b + σ

2
s + σ

2
ϵ . Under the LMM we have the following ICCs and

eigenvalues

ρ0 =
σ
2
b + σ

2
s

σ2
y

ρ1 =
σ
2
b

σ2
y

λ2 = 1 + (N − 1)ρ0 −Nρ1

=
Nσ

2
s + σ

2
ϵ

σ2
y

λ3 = 1 + (N − 1)ρ0 + (T − 1)Nρ1

11



=
TNσ

2
b +Nσ

2
s + σ

2
ϵ

σ2
y

.

Using these expressions we can re-write our variance formula as

var(δ̂) =
(σ2

y/N)ITλ2λ3
(ITU − TW + U2 − IV )λ3 − (U2 − IV )λ2

,

which is equivalent to the variance expression from Hooper and Girling (Hooper et al., 2016; Girling and Hemming,

2016).

Web Appendix C

Common intervention effects: derivation of variance expression, var(δ̂′)

Let Zi = (IT ⊗ Λϵ,Xi ⊗ σϵ) where Xi is the randomization schedule for cluster i, σϵ = (σϵ1, . . . , σϵL)⊤, and

Λϵ = diag(σϵ). Also let Σb = ΛϵΣ
′
bΛϵ and Σs = ΛϵΣ

′
sΛϵ denote the scaled random effects. The covariance matrix

for the model estimators are (∑I
i=1 Z

⊤
i Ṽ

−1
i Zi)

−1
where

I

∑
i=1

Z
⊤
i Ṽ

−1
i Zi =

I

∑
i=1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎛
⎜⎜⎜
⎝

IT ⊗Λϵ

X
⊤
i ⊗ σ

⊤
ϵ

⎞
⎟⎟⎟
⎠

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Ṽ

−1
i [( IT ⊗Λϵ Xi ⊗ σϵ )] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ω11 Ω12

Ω21 Ω22

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

where Ṽ
−1
i is the same as previously derived, Ω11 is a 2T ×2T matrix, Ω12 = Ω

⊤
21 is a 2T vector, and Ω22 is a scalar.

Block matrix inversion gives us Ω
−1
22 = (Ω22 − Ω21Ω

−1
11Ω12)−1 = var(δ̂′).

Recall we can rewrite Ṽ
−1
i = IT ⊗ (Σs +

1

N
Σϵ)

−1

+ JT ⊗
1

T
[(TΣb +Σs +

1

N
Σϵ)

−1

− (Σs +
1

N
Σϵ)

−1

] as

Ṽ
−1
i = IT ⊗A + JT ⊗

1

T
[B −A] ,

where A = (Σs +
1

N
Σϵ)

−1

and B = (TΣb +Σs +
1

N
Σϵ)

−1

. Also recall that

Ṽi = IT ⊗ (Σs +
1

N
Σϵ) + JT ⊗Σb

= IT ⊗ (C −D) + JT ⊗D

Ṽ
−1
i = IT ⊗ (C −D)−1 + JT ⊗

1

T
[{C + (T − 1)D}−1 − (C −D)−1] ,

where C = Σb +Σs +
1

N
Σϵ and D = Σb.

12



Derivation of Ω11 and Ω
−1
11

Ω11 =

I

∑
i=1

(IT ⊗Λϵ)Ṽ −1
i (IT ⊗Λϵ)

=

I

∑
i=1

(IT ⊗Λϵ) (IT ⊗ (C −D)−1 + JT ⊗
1

T
[{C + (T − 1)D}−1 − (C −D)−1]) (IT ⊗Λϵ)

= I (IT ⊗Λϵ(C −D)−1Λϵ + JT ⊗Λϵ
1

T
[{C + (T − 1)D}−1 − (C −D)−1]Λϵ)

= I (IT ⊗ (Λ−1
ϵ CΛ

−1
ϵ −Λ

−1
ϵ DΛ

−1
ϵ )−1 + JT ⊗

1

T
[{Λ−1

ϵ CΛ
−1
ϵ + (T − 1)Λ−1

ϵ DΛ
−1
ϵ }−1 − (Λ−1

ϵ CΛ
−1
ϵ −Λ

−1
ϵ DΛ

−1
ϵ )−1]) .

This is of the form IT ⊗ (C ′ − D
′)−1 + JT ⊗

1

T
[{C ′ + (T − 1)D′}−1 − (C ′ −D

′)−1] where C
′
= Λ

−1
ϵ CΛ

−1
ϵ and

D
′
= Λ

−1
ϵ DΛ

−1
ϵ . Therefore

Ω
−1
11 =

1

I
(IT ⊗ (C ′

−D
′) + JT ⊗D

′)

=
1

I
(IT ⊗ (Λ−1

ϵ CΛ
−1
ϵ −Λ

−1
ϵ DΛ

−1
ϵ ) + JT ⊗Λ

−1
ϵ DΛ

−1
ϵ )

=
1

I
(IT ⊗ [Λ−1

ϵ {Σs +
1

N
Σϵ}Λ−1

ϵ ] + JT ⊗Λ
−1
ϵ ΣbΛ

−1
ϵ )

=
1

I
(IT ⊗Λ

−1
ϵ A

−1
Λ

−1
ϵ + JT ⊗

1

T
Λ

−1
ϵ (B−1

−A
−1)Λ−1

ϵ )

Derivation of Ω12 and Ω21

Ω12 = Ω
⊤
21 =

I

∑
i=1

(IT ⊗Λϵ)Ṽ −1
i (Xi ⊗ σϵ)

=

I

∑
i=1

(Xi ⊗ΛϵAσϵ +
T

∑
j=1

Xij1T ⊗
1

T
Λϵ [B −A]σϵ)

=

I

∑
i=1

Xi ⊗ΛϵAσϵ + U1T ⊗
1

T
Λϵ [B −A]σϵ,

where U = ∑I
i=1 ∑T

j=1Xij .

Derivation of Ω22

Ω22 =

I

∑
i=1

(X⊤
i ⊗ σ

⊤
ϵ )Ṽ −1

i (Xi ⊗ σϵ)

=

I

∑
i=1

(X⊤
i ⊗ σ

⊤
ϵ ) (IT ⊗A + JT ⊗

1

T
[B −A]) (Xi ⊗ σϵ)

= Uσ
⊤
ϵ Aσϵ +

V

T
σ

⊤
ϵ [B −A]σϵ,

where V = ∑I
i=1 (∑T

j=1Xij)
2
.
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Derivation of var(δ̂′)

We have the following matrices for our block inversion formula, var(δ̂′) = Ω
−1
22 = (Ω22 − Ω21Ω

−1
11Ω12)−1,

Ω22 = Uσ
⊤
ϵ Aσϵ +

V

T
σ

⊤
ϵ [B −A]σϵ

Ω12 = Ω
⊤
21 =

I

∑
i=1

Xi ⊗ΛϵAσϵ + U1T ⊗
1

T
Λϵ [B −A]σϵ

Ω
−1
11 =

1

I
(IT ⊗Λ

−1
ϵ A

−1
Λ

−1
ϵ + JT ⊗

1

T
Λ

−1
ϵ (B−1

−A
−1)Λ−1

ϵ ) .

This gives us

Ω21Ω
−1
11Ω12 =

I

∑
i=1

X
⊤
i

I

∑
i=1

Xi ⊗
1

I
1
⊤
LΛϵAσϵ + U

I

∑
i=1

X
⊤
i 1T ⊗

1

IT
1
⊤
LΛϵ [B −A]σϵ

=
W

I
σ

⊤
ϵ Aσϵ +

U
2

IT
σ

⊤
ϵ [B −A]σϵ

Ω22 − Ω21Ω
−1
11Ω12 = Uσ

⊤
ϵ Aσϵ +

V

T
σ

⊤
ϵ [B −A]σϵ − (W

I
σ

⊤
ϵ Aσϵ +

U
2

IT
σ

⊤
ϵ [B −A]σϵ)

=
1

IT
((ITU − TW + U

2
− IV )σ⊤

ϵ Aσϵ + (IV − U
2)σ⊤

ϵ Bσϵ)

var(δ̂′) = [ 1

IT
((ITU − TW + U

2
− IV )σ⊤

ϵ Aσϵ + (IV − U
2)σ⊤

ϵ Bσϵ)]
−1

= IT [(ITU − TW + U
2
− IV )σ⊤

ϵ (Σs +
1

N
Σϵ)

−1

σϵ − (U2
− IV )σ⊤

ϵ (TΣb +Σs +
1

N
Σϵ)

−1

σϵ]
−1

,

where W = ∑T
j=1 (∑I

i=1Xij)
2
. We can rewrite this expression in terms of the ICCs again using σ

2
ϵl = σ

2
yl(1 − ρ

l
0),

Σb = Λ
1/2
y Γ1Λ

1/2
y , Σs = Λ

1/2
y (Γ0 − Γ1)Λ1/2

y , and Σϵ = Λ
1/2
y (Γ2 − Γ0)Λ1/2

y which gives us

var(δ̂′) = IT[(ITU − TW + U
2
− IV )ω⊤ (Λ1/2

y (Γ0 − Γ1)Λ1/2
y +

1

N
Λ

1/2
y (Γ2 − Γ0)Λ1/2

y )
−1

ω

− (U2
− IV )ω⊤ (TΛ1/2

y Γ1Λ
1/2
y +Λ

1/2
y (Γ0 − Γ1)Λ1/2

y +
1

N
Λ

1/2
y (Γ2 − Γ0)Λ1/2

y )
−1

ω]
−1

=
IT

N
[(ITU − TW + U

2
− IV )ω⊤

Λ
−1/2
y (N (Γ0 − Γ1) + Γ2 − Γ0)−1 Λ−1/2

y ω

− (U2
− IV )ω⊤

Λ
−1/2
y (TNΓ1 +N (Γ0 − Γ1) + Γ2 − Γ0)−1 Λ−1/2

y ω]
−1

=
IT

N
[ (ITU − TW + U

2
− IV )ω⊤

Λ
−1/2
y (Γ2 −NΓ1 + (N − 1)Γ0)−1 Λ−1/2

y ω

− (U2
− IV )ω⊤

Λ
−1/2
y (Γ2 + (T − 1)NΓ1 + (N − 1)Γ0)−1 Λ−1/2

y ω]
−1

,
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where ω = (σy1(1 − ρ
1
0)1/2, . . . , σyL(1 − ρ

L
0 )1/2)

⊤
.

Web Appendix D

Common ICCs across endpoints: derivation of covariance expression, Ωδ

The common ICC assumption leads to simplification of the variance expression Ωδ by defining the three key ICC

matrices with their explicit simple exchangeable forms:

Γ0 =(ρ0 − ρ00)IL + ρ00JL

Γ1 =(ρ1 − ρ11)IL + ρ11JL

Γ2 =(1 − ρ2)IL + ρ2JL.

Plugging in these explicit forms into our current variance expression under the ICC parameterization (shown below

for ease)

Ωδ =
IT

N
Λ

1/2
y [ (ITU − TW + U

2
− IV ) (Γ2 −NΓ1 + (N − 1)Γ0)−1

− (U2
− IV ) (Γ2 + (T − 1)NΓ1 + (N − 1)Γ0)−1 ]

−1

Λ
1/2
y ,

we get the following simplified expression

Ωδ =
IT

N
Λ

1/2
y [ (ITU − TW + U

2
− IV ) ((1 − ρ2 −N(ρ1 − ρ11) + (N − 1)(ρ0 − ρ00))IL + (ρ2 −Nρ11 + (N − 1)ρ00)JL)−1

− (U2
− IV ) ((1 − ρ2 + (T − 1)N(ρ1 − ρ11) + (N − 1)(ρ0 − ρ00))IL + (ρ2 + (T − 1)Nρ11 + (N − 1)ρ00)JL)−1 ]

−1

Λ
1/2
y

=
IT

N
Λ

1/2
y [ (ITU − TW + U

2
− IV ) ((λ2 − τ2)IL + τ2JL)−1 − (U2

− IV ) ((λ3 − τ3)IL + τ3JL)−1 ]
−1

Λ
1/2
y

=
IT

N
Λ

1/2
y [ (ITU − TW + U

2
− IV ) ( 1

λ2 − τ2
IL −

τ2
(λ2 − τ2)(λ2 + (L − 1)τ2)

JL)

− (U2
− IV ) ( 1

λ3 − τ3
IL −

τ3
(λ3 − τ3)(λ3 + (L − 1)τ3)

JL) ]
−1

Λ
1/2
y ,

where λ2 = 1+(N −1)ρ0−Nρ1, λ3 = 1+(N −1)ρ0+(T −1)Nρ1, τ2 = (N −1)ρ00−Nρ11+ρ2, and τ3 = τ2+TNρ11.

To continue simplifying our expression, let x = ITU − TW + U
2 − IV , y = U

2 − IV , a2 = λ2 − τ2, a3 = λ3 − τ3,
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b2 = λ2 + (L − 1)τ2, and b3 = λ3 + (L − 1)τ3. This gives us

Ωδ =
IT

N
Λ

1/2
y [x ( 1

a2
IL −

τ2
a2b2

JL) − y ( 1
a3

IL −
τ3
a3b3

JL) ]
−1

Λ
1/2
y

=
IT

N
Λ

1/2
y [xa3 − ya2

a2a3
IL +

yτ3a2b2 − xτ2a3b3
a2a3b2b3

JL]
−1

Λ
1/2
y

=
(IT/N)a2a3
xa3 − ya2

Λ
1/2
y [IL −

yτ3a2b2 − xτ2a3b3
(xa3 − ya2) b2b3 + L (yτ3a2b2 − xτ2a3b3)

JL]Λ1/2
y

Common ICCs across endpoints: proof of Theorem 1

For ease, we restate Theorem 1 below:

Theorem 1. Under the parsimonious parameterization with common ICC values across endpoints, the l-th diagonal

element of Ωδ can be further written in the following analytical form

var(δ̂l) =
(IT/N)σ2

yl

(ITU − TW + U2 − IV ) (λ3 − τ3) − (U2 − IV ) (λ2 − τ2)
×

(ITU − TW + U
2 − IV )λ2(λ3 − τ3) {λ3 + (L − 1)τ3} − (U2 − IV )λ3(λ2 − τ2) {λ2 + (L − 1)τ2}

(ITU − TW + U2 − IV ) {λ3 + (L − 1)τ3} − (U2 − IV ) {λ2 + (L − 1)τ2}
.

Furthermore, denote the variance of the l-th intervention effect estimator based on a univariate Hooper and Girling

model (Hooper et al., 2016; Girling and Hemming, 2016) is

var
HG(δ̂l) =

(IT/N)σ2
ylλ2λ3

(ITU − TW + U2 − IV )λ3 − (U2 − IV )λ2

and var(δ̂l) ≤ var
HG(δ̂l) for any set of valid design parameters, with equality holds when τ2λ3 = τ3λ2 or ρ00 = ρ11 =

ρ2 = 0 (a special case when τ2λ3 = τ3λ2).

Proof:

Given our expression for Ωδ under the common ICCs assumption (shown above), the l-th diagonal element is

var(δ̂l) = (
ITσ

2
yl

N
) ( a2a3

xa3 − ya2
) (1 − yτ3a2b2 − xτ2a3b3

(xa3 − ya2) b2b3 + L (yτ3a2b2 − xτ2a3b3)
)

= (
(IT/N)σ2

yl

xa3 − ya2
) (x(b2 − (L − 1)τ2)a3b3 − y(b3 − (L − 1)τ3)a2b2

x(b2 − Lτ2)a3b3 − y(b3 − Lτ3)a2b2
) a2a3

= (
(IT/N)σ2

yl

xa3 − ya2
) (xλ2a3b3 − yλ3a2b2

xb3 − yb2
)

=
(IT/N)σ2

yl

(ITU − TW + U2 − IV )(λ3 − τ3) − (U2 − IV )(λ2 − τ2)
×
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(ITU − TW + U
2 − IV )λ2(λ3 − τ3){λ3 + (L − 1)τ3} − (U2 − IV )λ3(λ2 − τ2){λ2 + (L − 1)τ2}

(ITU − TW + U2 − IV ){λ3 + (L − 1)τ3} − (U2 − IV ){λ2 + (L − 1)τ2}
,

which matches our variance expression in Theorem 1. Under the Hooper and Girling LMM, the variance of the l-th

outcome is

var
HG(δ̂l) =

(IT/N)σ2
ylλ2λ3

(ITU − TW + U2 − IV )λ3 − (U2 − IV )λ2
.

Therefore, the variance ratio comparing the MLMM to the LMM is

var(δ̂l)
varHG(δ̂l)

=

⎛
⎜
⎝
(ITU − TW + U

2 − IV )λ3 − (U2 − IV )λ2
(IT/N)σ2

ylλ2λ3

⎞
⎟
⎠
(

(IT/N)σ2
yl

(ITU − TW + U2 − IV )(λ3 − τ3) − (U2 − IV )(λ2 − τ2)
)×

(ITU − TW + U
2 − IV )λ2(λ3 − τ3){λ3 + (L − 1)τ3} − (U2 − IV )λ3(λ2 − τ2){λ2 + (L − 1)τ2}

(ITU − TW + U2 − IV ){λ3 + (L − 1)τ3} − (U2 − IV ){λ2 + (L − 1)τ2}

=

(ITU − TW + U
2 − IV )λ3 − (U2 − IV )λ2

(ITU − TW + U2 − IV ){λ3 + (L − 1)τ3} − (U2 − IV ){λ2 + (L − 1)τ2}
×

(ITU − TW + U
2 − IV )λ−13 (λ3 − τ3){λ3 + (L − 1)τ3} − (U2 − IV )λ−12 (λ2 − τ2){λ2 + (L − 1)τ2}

(ITU − TW + U2 − IV )(λ3 − τ3) − (U2 − IV )(λ2 − τ2)
.

We can again use x = ITU − TW + U
2 − IV , y = U

2 − IV , a2 = λ2 − τ2, a3 = λ3 − τ3, b2 = λ2 + (L − 1)τ2, and

b3 = λ3 + (L − 1)τ3. This gives us

=
xλ3 − yλ2
xb3 − yb2

(xλ
−1
3 a3b3 − yλ

−1
2 a2b2

xa3 − ya2
)

=
x
2
a3b3 − xyλ3λ

−1
2 a2b2 − xyλ

−1
3 λ2a3b3 + y

2
a2b2

x2a3b3 − xya2b3 − xya3b2 + y2a2b2
.

To evaluate whether this ratio is less than or greater than one we can take the difference of the numerator and

denominator.

num. - den. = x
2
a3b3 − xyλ3λ

−1
2 a2b2 − xyλ

−1
3 λ2a3b3 + y

2
a2b2 − (x2a3b3 − xya2b3 − xya3b2 + y

2
a2b2)

= −xy({λ2 + (L − 1)τ2}(−λ3λ−12 τ2 + τ3) + {λ3 + (L − 1)τ3}(−λ−13 λ2τ3 + τ2))

= −xy(2τ2τ3λ2λ3 − λ
2
3τ

2
2 − λ

2
2τ

2
3 )((L − 1)/λ2λ3)

= xy(λ3τ2 − λ2τ3)2((L − 1)/λ2λ3).

We know each term is positive except for x = ITU − TW + U
2 − IV and y = U

2 − IV . Starting with x =

ITU − TW + U
2 − IV and as shown in Theorem 1 of Davis-Plourde et al. (2021), we can rewrite this term using

1
⊤
TΩ1T = I

−2(IV −U2) and tr(Ω) = I−2(IU −W ) where Ω = I
−1 ∑I

i=1 XiX
⊤
i −(I−1 ∑I

i=1 Xi)(I−1 ∑I
i=1 X

⊤
i ) is the

covariance matrix of the intervention vector under a specific design and τX = {(T − 1)tr(Ω)}−1{1⊤
TΩ1T − tr(Ω)} ∈
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[−1, 1] is the generalized ICC of the intervention, which is the ratio of average covariance over the average variance

and measures the similarity between the intervention status for each cluster in different periods (Kistner and Muller,

2004). This gives us

x = ITU − TW + U
2
− IV = I

2
T tr(Ω) − I

2
1
⊤
TΩ1T

= I
2 ((T − 1)tr(Ω) − {1⊤

TΩ1T − tr(Ω)})

= I
2(T − 1)tr(Ω) (1 − τX) ≥ 0.

Also shown in Davis-Plourde et al. (2021), typically under a standard SW-CRT design τX ∈ (0, 1) thus x > 0. Next,

let’s evaluate the sign of y given by y = U
2 − IV = (∑I

i=1 ∑T
j=1Xij)

2
− I∑I

i=1 (∑T
j=1Xij)

2
. By the Cauchy-Schwarz

inequality we know that

(
I

∑
i=1

{1 ×
T

∑
j=1

Xij})
2

− (
I

∑
i=1

1
2)

⎛
⎜
⎝

I

∑
i=1

{
T

∑
j=1

Xij}
2⎞
⎟
⎠
≤ 0

⇒ (
I

∑
i=1

T

∑
j=1

Xij)
2

− I
I

∑
i=1

(
T

∑
j=1

Xij)
2

≤ 0

⇒ y = U
2
− IV ≤ 0.

Additionally, y can be rewritten as y = −I21⊤
TΩ1T < 0. Therefore, the difference between the numerator and

denominator is less than or equal to zero which leads to a variance ratio of less than or equal to one. Thus,

var(δ̂l) ≤ var
HG(δ̂l) for any set of valid design parameters, with equality holds when τ2λ3 = τ3λ2 or ρ00 = ρ11 =

ρ2 = 0 (a special case when τ2λ3 = τ3λ2).

Web Appendix E

Common ICCs and intervention effects: derivation of variance expression, var(δ̂′)

Recall that if we assume common ICCs we have

Γ0 =(ρ0 − ρ00)IL + ρ00JL

Γ1 =(ρ1 − ρ11)IL + ρ11JL

Γ2 =(1 − ρ2)IL + ρ2JL.

And if we assume common intervention effects, then the variance of the intervention effect estimator becomes

var(δ̂′) =IT
N

[ (ITU − TW + U
2
− IV )ω⊤

Λ
−1/2
y (Γ2 −NΓ1 + (N − 1)Γ0)−1 Λ−1/2

y ω
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− (U2
− IV )ω⊤

Λ
−1/2
y (Γ2 + (T − 1)NΓ1 + (N − 1)Γ0)−1 Λ−1/2

y ω]
−1

=
IT

N
[ (ITU − TW + U

2
− IV )ω⊤

Λ
−1/2
y ((λ2 − τ2)IL + τ2JL)−1 Λ−1/2

y ω

− (U2
− IV )ω⊤

Λ
−1/2
y ((λ3 − τ3)IL + τ3JL)−1 Λ−1/2

y ω]
−1

=
IT

N
[ (ITU − TW + U

2
− IV ) ((λ2 − τ2) (ω⊤)−1 Λyω

−1
+ τ2 (ω⊤)−1 Λ1/2

y JLΛ
1/2
y ω

−1)
−1

− (U2
− IV ) ((λ3 − τ3) (ω⊤)−1 Λyω

−1
+ τ3 (ω⊤)−1 Λ1/2

y JLΛ
1/2
y ω

−1)
−1

]
−1

=
IT

LNλ1
[ (ITU − TW + U

2
− IV ) (λ2 + (L − 1)τ2)−1 − (U2

− IV ) (λ3 + (L − 1)τ3)−1 ]
−1

=
(IT/(LNλ1))(λ2 + (L − 1)τ2)(λ3 + (L − 1)τ3)

(ITU − TW + U2 − IV )(λ3 + (L − 1)τ3) − (U2 − IV )(λ2 + (L − 1)τ2)
,

where λ2 = 1+(N −1)ρ0−Nρ1, λ3 = 1+(N −1)ρ0+(T −1)Nρ1, τ2 = (N −1)ρ00−Nρ11+ρ2, and τ3 = τ2+TNρ11

as discussed previously. Under the common intervention effects model ω = (σy1(1 − ρ
1
0)1/2, . . . , σyL(1 − ρ

L
0 )1/2)

⊤
,

but under the common ICCs assumption ρ
l
0 = ρ0, therefore ω = (σy1λ

1/2
1 , . . . , σyLλ

1/2
1 )

⊤

where same as λ2 and λ3,

λ1 = 1 − ρ0 is a distinct eigenvalue of the (endpoint-specific) nested exchangeable correlation structure (Li et al.,

2018) defined for cross-sectional SW-CRTs with a univariate outcome.

Common ICCs and intervention effects: proof of Theorem 2

For ease, we restate Theorem 2 below:

Theorem 2. Under the parsimonious parameterization with common ICC values and a common intervention effect

across endpoints, the variance of the l-th intervention effect estimator (unscaled) under model (5), i.e. δl = σylλ
1/2
1 δ

′
,

is

var
both(δ̂l) =

(IT/(LN))σ2
yl(λ2 + (L − 1)τ2)(λ3 + (L − 1)τ3)

(ITU − TW + U2 − IV )(λ3 + (L − 1)τ3) − (U2 − IV )(λ2 + (L − 1)τ2)
.

As shown in Theorem 1, under the parsimonious parameterization with common ICC values across endpoints, the

l-th diagonal element of Ωδ is denoted by

var
ICC(δ̂l) =

(IT/N)σ2
yl

(ITU − TW + U2 − IV ) (λ3 − τ3) − (U2 − IV ) (λ2 − τ2)
×

(ITU − TW + U
2 − IV )λ2(λ3 − τ3) {λ3 + (L − 1)τ3} − (U2 − IV )λ3(λ2 − τ2) {λ2 + (L − 1)τ2}

(ITU − TW + U2 − IV ) {λ3 + (L − 1)τ3} − (U2 − IV ) {λ2 + (L − 1)τ2}
,

and var
both(δ̂l) < var

ICC(δ̂l) for any set of valid design parameters.
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Proof:

var
both(δ̂l)

varICC(δ̂l)
=

(IT/(LN))σ2
yl(λ2 + (L − 1)τ2)(λ3 + (L − 1)τ3)

(ITU − TW + U2 − IV )(λ3 + (L − 1)τ3) − (U2 − IV )(λ2 + (L − 1)τ2)

×
(ITU − TW + U

2 − IV ) (λ3 − τ3) − (U2 − IV ) (λ2 − τ2)
(IT/N)σ2

yl

×
(ITU − TW + U

2 − IV ) {λ3 + (L − 1)τ3} − (U2 − IV ) {λ2 + (L − 1)τ2}
(ITU − TW + U2 − IV )λ2(λ3 − τ3) {λ3 + (L − 1)τ3} − (U2 − IV )λ3(λ2 − τ2) {λ2 + (L − 1)τ2}

=

(1/L)(λ2 + (L − 1)τ2)(λ3 + (L − 1)τ3) ((ITU − TW + U
2 − IV ) (λ3 − τ3) − (U2 − IV ) (λ2 − τ2))

(ITU − TW + U2 − IV )λ2(λ3 − τ3) {λ3 + (L − 1)τ3} − (U2 − IV )λ3(λ2 − τ2) {λ2 + (L − 1)τ2}

Again using x = ITU − TW + U
2 − IV , y = U

2 − IV , a2 = λ2 − τ2, a3 = λ3 − τ3, b2 = λ2 + (L − 1)τ2, and

b3 = λ3 + (L − 1)τ3. This gives us

=
(1/L)b2b3 (xa3 − ya2)
xλ2a3b3 − yλ3a2b2

= (1/L) (xa3b3)b2 − (ya2b2)b3
(xa3b3)λ2 − (ya2b2)λ3

= (1/L)(xa3b3){λ2 + (L − 1)τ2} − (ya2b2){λ3 + (L − 1)τ3}
(xa3b3)λ2 − (ya2b2)λ3

= (1/L)(xa3b3)λ2 − (ya2b2)λ3 + (L − 1)(xa3b3)τ2 − (L − 1)(ya2b2)τ3
(xa3b3)λ2 − (ya2b2)λ3

= (1/L) (1 + (L − 1){(xa3b3)τ2 − (ya2b2)τ3}
(xa3b3)λ2 − (ya2b2)λ3

) .

We are interested in determining when this ratio is less than 1 which is when

(1/L) (1 + (L − 1){(xa3b3)τ2 − (ya2b2)τ3}
(xa3b3)λ2 − (ya2b2)λ3

) < 1

⇒
(xa3b3)τ2 − (ya2b2)τ3
(xa3b3)λ2 − (ya2b2)λ3

< 1.

We know that τ2 < λ2 and τ3 < λ3 by definition and we already showed that x > 0 and y < 0 under a SW-CRT,

therefore the numerator is always less than the denominator which means the variance ratio is always less than 1.

Web Appendix F

Closed-cohort design: derivation of Ṽi

Model under a Cluster-Period Means Approach

Again, we can simplify our approach using cluster-period means (Li et al., 2021; Davis-Plourde et al., 2021). Let

Y ij = (Y ij1, . . . , Y ijL)⊤ where Y ijl =
1

N
∑N

k=1 Yijkl and let γi = (γi1, . . . , γiL)⊤ where γil =
1

N
∑N

k=1 γikl. Also let
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ϵij = (ϵij1, . . . , ϵijL)⊤ with ϵijl =
1

N
∑N

k=1 ϵijkl. Our MLMM is equivalent to

Y ij = β0 + βj +Xijδ + bi + sij + γi + ϵij .

Within-Period Block of Ṽi

The variance of Y ijl is

var(Y ijl) =
1

N
(var(Yijkl) + (N − 1)cov(Yijkl, Yijk′l))

=
1

N
(σ2

bl + σ
2
sl + σ

2
γl + σ

2
ϵl + (N − 1)(σ2

bl + σ
2
sl))

= σ
2
bl + σ

2
sl +

σ
2
γl + σ

2
ϵl

N
.

The covariance between outcomes in the same period is

cov(Y ijl, Y ijl′) =
1

N
(cov(Yijkl, Yijkl′) + (N − 1)cov(Yijkl, Yijk′l′))

=
1

N
(σbll′ + σsll′ + σγll′ + σϵll′ + (N − 1)(σbll′ + σsll′))

= σbll′ + σsll′ +
σγll′ + σϵll′

N
.

Therefore, the within-period block is Σb +Σs +
1

N
(Σγ +Σϵ).

Between-Period Block of Ṽi

The within outcome covariance between periods is

cov(Y ijl, Y ij ′l) =
1

N
(cov(Yijkl, Yij ′kl) + (N − 1)cov(Yijkl, Yij ′k′l))

=
1

N
(σ2

bl + σ
2
γl + (N − 1)σ2

bl)

= σ
2
bl +

σ
2
γl

N
.

The between outcome covariance between periods is

cov(Y ijl, Y ij ′l′) =
1

N
(cov(Yijkl, Yij ′kl′) + (N − 1)cov(Yijkl, Yij ′k′l′))

=
1

N
(σbll′ + σγll′ + (N − 1)σbll′)

= σbll′ +
σγll′

N
.

Therefore, the between-period block is Σb +
1

N
Σγ .
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Combining Within-Period and Between-Period Blocks to obtain Ṽi

Combining the within-period and between-period block gives us

Ṽi = IT ⊗ (Σb +Σs +
1

N
(Σγ +Σϵ) − (Σb +

1

N
Σγ)) + JT ⊗ (Σb +

1

N
Σγ)

= IT ⊗ (Σs +
1

N
Σϵ) + JT ⊗ (Σb +

1

N
Σγ) .

Closed-cohort design: derivation of Ṽi
−1

The inverse of Ṽi can be computed using Leiva (2007) since Ṽi is exchangeable giving us

Ṽ
−1
i = IT ⊗ (Σs +

1

N
Σϵ)

−1

+ JT ⊗
1

T
[(Σb +Σs +

1

N
(Σγ +Σϵ) + (T − 1) (Σb +

1

N
Σγ))

−1

− (Σs +
1

N
Σϵ)

−1

]

= IT ⊗ (Σs +
1

N
Σϵ)

−1

+ JT ⊗
1

T
[(TΣb +Σs +

T

N
Σγ +

1

N
Σϵ)

−1

− (Σs +
1

N
Σϵ)

−1

] .

Closed-cohort design: derivation of Ωδ

Again let Zi = (IT ,Xi)⊗ IL where Xi is the randomization schedule for cluster i. The covariance matrix for the

model estimators are (∑I
i=1 Z

⊤
i Ṽ

−1
i Zi)−1 where

I

∑
i=1

Z
⊤
i Ṽ

−1
i Zi =

I

∑
i=1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎛
⎜⎜⎜
⎝

IT

X
⊤
i

⎞
⎟⎟⎟
⎠
⊗ IL

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Ṽ

−1
i [( IT Xi )⊗ IL] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ω11 Ω12

Ω21 Ω22

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

where Ω11 is a TL× TL matrix, Ω12 = Ω
⊤
21 is a TL×L matrix, and Ω22 is a L×L matrix. Block matrix inversion

gives us Ωδ = Ω
−1
22 = (Ω22 −Ω21Ω

−1
11Ω12)−1.

We can rewrite Ṽi as,

Ṽ
−1
i = IT ⊗A + JT ⊗

1

T
[B −A] .

where A = (Σs +
1

N
Σϵ)

−1

and B = (TΣb +Σs +
T

N
Σγ +

1

N
Σϵ)

−1

. Using this expression we can generate our Ωs.

Recall in Web Appendix B that we already derived expressions for each Ω in terms of A and B:

Ω22 = UA +
V

T
[B −A]
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Ω12 = Ω
⊤
21 =

I

∑
i=1

Xi ⊗A + U1T ⊗
1

T
[B −A]

Ω
−1
11 = (IṼ −1

i )−1 =
1

I
Ṽi =

1

I
(IT ⊗A

−1
+ JT ⊗

1

T
[B−1

−A
−1]) .

This gives us

Ω21Ω
−1
11Ω12 =

1

I
(WA +

U
2

T
[B −A])

Ω22 −Ω21Ω
−1
11Ω12 =

1

I
(IUA +

IV

T
[B −A] − (WA +

U
2

T
[B −A]))

=
1

IT
((ITU − TW − IV + U

2)A − (U2
− IV )B)

Ωδ = IT [(ITU − TW − IV + U
2)A − (U2

− IV )B]−1

= IT [(ITU − TW + U
2
− IV ) (Σs +

1

N
Σϵ)

−1

− (U2
− IV ) (TΣb +

T

N
Σγ +Σs +

1

N
Σϵ)

−1

]
−1

,

where U = ∑T
j=1Xij , V = ∑I

i=1 (∑T
j=1Xij)

2
, and W = ∑T

j=1 (∑I
i=1Xij)

2
. To rewrite this expression in terms of

the ICCs we can use Web Table 1. Specifically, we note that σ
2
bl = σ

2
ylρ

l
1, σbll′ = σylσyl′ρ

ll
′

1 , σ
2
sl = σ

2
yl(ρl0 − ρ

l
1),

σsll′ = σylσyl′(ρll
′

0 − ρ
ll

′

1 ), σ2
γl = σ

2
yl(ρl2 − ρ

l
1), σγll′ = σylσyl′(ρll

′

2,1 − ρ
ll

′

1 ), σ2
ϵl = σ

2
yl(1 − ρ

l
2 − ρ

l
0 + ρ

l
1) and σϵll′ =

σylσyl′(ρll
′

2,0 − ρ
ll

′

2,1 − ρ
ll

′

0 + ρ
ll

′

1 ). We can further let Γ0, Γ1, Γ2, and Γ2′ be defined as

Γ0 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

ρ
1
0 ρ

12
0 . . . ρ

1L
0

ρ
12
0 ρ

2
0 . . . ρ

2L
0

⋮ ⋮ ⋱ ⋮

ρ
1L
0 ρ

2L
0 . . . ρ

L
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

, Γ1 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

ρ
1
1 ρ

12
1 . . . ρ

1L
1

ρ
12
1 ρ

2
1 . . . ρ

2L
1

⋮ ⋮ ⋱ ⋮

ρ
1L
1 ρ

2L
1 . . . ρ

L
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

, Γ2 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1 ρ
12
2,0 . . . ρ

1L
2,0

ρ
12
2,0 1 . . . ρ

2L
2,0

⋮ ⋮ ⋱ ⋮

ρ
1L
2,0 ρ

2L
2,0 . . . 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

, Γ2′ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

ρ
1
2 ρ

12
2,1 . . . ρ

1L
2,1

ρ
12
2,1 ρ

2
2 . . . ρ

2L
2,1

⋮ ⋮ ⋱ ⋮

ρ
1L
2,1 ρ

2L
2,1 . . . ρ

L
2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.

Defining the diagonal matrix of outcome variances as Λy = diag(σ2
y1, . . . , σ

2
yL), we can further rewrite the covariance

matrix of the intervention effect estimators in terms of the ICCs through the realization that Σb = Λ
1/2
y Γ1Λ

1/2
y ,

Σs = Λ
1/2
y (Γ0 − Γ1)Λ1/2

y , Σγ = Λ
1/2
y (Γ2′ − Γ1)Λ1/2

y , and Σϵ = Λ
1/2
y (Γ2 − Γ2′ − Γ0 + Γ1)Λ1/2

y giving us

Ωδ = IT[(ITU − TW + U
2
− IV ) (Λ1/2

y (Γ0 − Γ1)Λ1/2
y +

1

N
Λ

1/2
y (Γ2 − Γ2′ − Γ0 + Γ1)Λ1/2

y )
−1

− (U2
− IV ) (TΛ1/2

y Γ1Λ
1/2
y +

T

N
Λ

1/2
y (Γ2′ − Γ1)Λ1/2

y +Λ
1/2
y (Γ0 − Γ1)Λ1/2

y +
1

N
Λ

1/2
y (Γ2 − Γ2′ − Γ0 + Γ1)Λ1/2

y )
−1

]
−1

=
IT

N
Λ

1/2
y [(ITU − TW + U

2
− IV ) (N (Γ0 − Γ1) + Γ2 − Γ2′ − Γ0 + Γ1)−1

− (U2
− IV ) (TNΓ1 + T (Γ2′ − Γ1) +N (Γ0 − Γ1) + Γ2 − Γ2′ − Γ0 + Γ1)−1 ]

−1

Λ
1/2
y
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=
IT

N
Λ

1/2
y [(ITU − TW + U

2
− IV ) ((N − 1) (Γ0 − Γ1) + Γ2 − Γ2′)−1

− (U2
− IV ) ((T − 1)(N − 1)Γ1 + (T − 1)Γ2′ + (N − 1)Γ0 + Γ2)−1 ]

−1

Λ
1/2
y

Web Appendix G

Closed-cohort design & common intervention effects: derivation of variance expres-

sion, var(δ̂′)

In Web Appendix C we derived the variance expression for a cross-sectional SW-CRT using

Ṽ
−1
i = IT ⊗A + JT ⊗

1

T
[B −A] ,

where A = (Σs +
1

N
Σϵ)

−1

and B = (TΣb +Σs +
1

N
Σϵ)

−1

giving us

var(δ̂′) = IT [(ITU − TW + U
2
− IV )σ⊤

ϵ Aσϵ + (IV − U
2)σ⊤

ϵ Bσϵ]
−1
.

We can use the same approach under a closed-cohort design. As shown in Web Appendix E, we have

Ṽ
−1
i = IT ⊗A + JT ⊗

1

T
[B −A] ,

where A = (Σs +
1

N
Σϵ)

−1

and B = (TΣb +Σs +
T

N
Σγ +

1

N
Σϵ)

−1

under a closed-cohort design. Plugging these

expressions for A and B into the expression above gives us the variance of the common intervention effect under a

closed-cohort design

var(δ̂′) = IT [(ITU − TW + U
2
− IV )σ⊤

ϵ (Σs +
1

N
Σϵ)

−1

σϵ + (IV − U
2)σ⊤

ϵ (TΣb +Σs +
T

N
Σγ +

1

N
Σϵ)

−1

σϵ]
−1

.

Or equivalently

var(δ̂′) =IT
N

[ (ITU − TW + U
2
− IV )ω⊤

Λ
−1/2
y {(N − 1)(Γ0 − Γ1) + Γ2 − Γ2′}−1 Λ−1/2

y ω

− (U2
− IV )ω⊤

Λ
−1/2
y {(T − 1)(N − 1)Γ1 + (T − 1)Γ2′ + (N − 1)Γ0 + Γ2}−1 Λ−1/2

y ω]
−1

,
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where ω = (σy1 (1 − ρ
1
0 + ρ

1
1 − ρ

1
2)

1/2
, . . . , σyL (1 − ρ

L
0 + ρ

L
1 − ρ

L
2 )

1/2)
⊤

and remaining parameters are the same as

previously described.

Web Appendix H

Closed-cohort design & common ICCs: derivation of covariance expression, Ωδ

The common ICC assumption leads to simplification of the variance expression Ωδ by defining the three key ICC

matrices with their explicit simple exchangeable forms:

Γ0 =(ρ0 − ρ00)IL + ρ00JL

Γ1 =(ρ1 − ρ11)IL + ρ11JL

Γ2 =(1 − ρ2,0)IL + ρ2,0JL

Γ
′
2 =(ρ2 − ρ2,1)IL + ρ2,1JL.

Plugging in these explicit forms into our current variance expression under the ICC parameterization (shown below

for ease)

Ωδ =
IT

N
Λ

1/2
y [(ITU − TW + U

2
− IV ) {(N − 1)(Γ0 − Γ1) + Γ2 − Γ2′}−1

− (U2
− IV ) {(T − 1)(N − 1)Γ1 + (T − 1)Γ2′ + (N − 1)Γ0 + Γ2}−1 ]

−1

Λ
1/2
y ,

gives us

Ωδ =
IT

N
Λ

1/2
y [(ITU − TW + U

2
− IV ){ [1 − ρ2 − ρ2,0 + ρ2,1 + (N − 1)(ρ0 − ρ00 − ρ1 + ρ11)] IL

+ [ρ2,0 − ρ2,1 + (N − 1)(ρ00 − ρ11)]JL}−1

− (U2
− IV ){ [1 − ρ2,0 + (N − 1)(ρ0 − ρ00) + (T − 1)(ρ2 − ρ2,1) + (T − 1)(N − 1)(ρ1 − ρ11)] IL

+ [ρ2,0 + (N − 1)ρ00 + (T − 1)ρ2,1 + (T − 1)(N − 1)ρ11]JL}−1]
−1

Λ
1/2
y

=
IT

N
Λ

1/2
y [(ITU − TW + U

2
− IV ){(λ3 − τ3)IL + τ3JL}−1 − (U2

− IV ){(λ4 − τ4)IL + τ4JL}−1]
−1

Λ
1/2
y ,

where λ3 = 1 + (N − 1)(ρ0 − ρ1) − ρ2 and λ4 = 1 + (N − 1)ρ0 + (T − 1)(N − 1)ρ1 + (T − 1)ρ2 are two distinct

eigenvalues of the (endpoint-specific) block exchangeable correlation structure (Hooper et al., 2016; Girling and

Hemming, 2016; Li et al., 2021). Further, τ3 = ρ2,0 − ρ2,1 + (N − 1)(ρ00 − ρ11) and τ4 = τ3 + T (ρ2,1 + (N − 1)ρ11)
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characterize the impact of the between-endpoint ICCs on the variance of intervention effect estimators through the

MLMM. In the special case where all endpoints are completely independent such that ρ00 = ρ11 = ρ2,0 = ρ2,1 = 0,

Ωδ becomes a diagonal matrix and each element becomes identical to the variance expression developed in Hooper,

Girling, and Li (Hooper et al., 2016; Girling and Hemming, 2016; Li et al., 2021) for closed-cohort SW-CRTs

with a univariate outcome. Our variance expression above is similar to the one derived in Web Appendix D for

cross-sectional designs. Using the same approach, letting x = ITU − TW + U
2 − IV , y = U

2 − IV , a3 = λ3 − τ3,

a4 = λ4 − τ4, b3 = λ3 + (L − 1)τ3, and b4 = λ4 + (L − 1)τ4. This gives us

Ωδ =
(IT/N)a3a4
xa4 − ya3

Λ
1/2
y [IL −

yτ4a3b3 − xτ3a4b4
(xa4 − ya3) b3b4 + L (yτ4a3b3 − xτ3a4b4)

JL]Λ1/2
y

Closed-cohort design & common ICCs across endpoints: proof of Theorem 3

An extension of Theorem 1 to closed-cohort designs, denoted Theorem 3, is provided below:

Theorem 3. Under the parsimonious parameterization with common ICC values across endpoints and a closed-

cohort design, the l-th diagonal element of Ωδ can be further written in the following analytical form

var(δ̂l) =
(IT/N)σ2

yl

(ITU − TW + U2 − IV ) (λ4 − τ4) − (U2 − IV ) (λ3 − τ3)
×

(ITU − TW + U
2 − IV )λ3(λ4 − τ4) {λ4 + (L − 1)τ4} − (U2 − IV )λ4(λ3 − τ3) {λ3 + (L − 1)τ3}

(ITU − TW + U2 − IV ) {λ4 + (L − 1)τ4} − (U2 − IV ) {λ3 + (L − 1)τ3}
.

Furthermore, denote the variance of the l-th intervention effect estimator based on a univariate Hooper and Girling

model (Hooper et al., 2016; Girling and Hemming, 2016; Li et al., 2021) is

var
HG(δ̂l) =

(IT/N)σ2
ylλ3λ4

(ITU − TW + U2 − IV )λ4 − (U2 − IV )λ3

and var(δ̂l) ≤ var
HG(δ̂l) for any set of valid design parameters, with equality holds when τ3λ4 = τ4λ3 or ρ00 = ρ11 =

ρ2,0 = ρ2,1 = 0 (a special case when τ3λ4 = τ4λ3).

Proof:

Given our expression for Ωδ under the common ICCs assumption (shown above) and using the same approach as

Theorem 1, the l-th diagonal element is

var(δ̂l) = (
ITσ

2
yl

N
) ( a3a4

xa4 − ya3
) (1 − yτ4a3b3 − xτ3a4b4

(xa4 − ya3) b3b4 + L (yτ4a3b3 − xτ3a4b4)
)

=
(IT/N)σ2

yl

(ITU − TW + U2 − IV )(λ4 − τ4) − (U2 − IV )(λ3 − τ3)
×
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(ITU − TW + U
2 − IV )λ3(λ4 − τ4){λ4 + (L − 1)τ4} − (U2 − IV )λ4(λ3 − τ3){λ3 + (L − 1)τ3}

(ITU − TW + U2 − IV ){λ4 + (L − 1)τ4} − (U2 − IV ){λ3 + (L − 1)τ3}
,

which matches our variance expression in Theorem 3. Under the Hooper and Girling LMM, the variance of the l-th

outcome is

var
HG(δ̂l) =

(IT/N)σ2
ylλ3λ4

(ITU − TW + U2 − IV )λ4 − (U2 − IV )λ3
.

Therefore, the variance ratio comparing the MLMM to the LMM is

var(δ̂l)
varHG(δ̂l)

=

⎛
⎜
⎝
(ITU − TW + U

2 − IV )λ4 − (U2 − IV )λ3
(IT/N)σ2

ylλ3λ4

⎞
⎟
⎠
(

(IT/N)σ2
yl

(ITU − TW + U2 − IV )(λ4 − τ4) − (U2 − IV )(λ3 − τ3)
)×

(ITU − TW + U
2 − IV )λ3(λ4 − τ4){λ4 + (L − 1)τ4} − (U2 − IV )λ4(λ3 − τ3){λ3 + (L − 1)τ3}

(ITU − TW + U2 − IV ){λ4 + (L − 1)τ4} − (U2 − IV ){λ3 + (L − 1)τ3}

=

(ITU − TW + U
2 − IV )λ4 − (U2 − IV )λ3

(ITU − TW + U2 − IV ){λ4 + (L − 1)τ4} − (U2 − IV ){λ3 + (L − 1)τ3}
×

(ITU − TW + U
2 − IV )λ−14 (λ4 − τ4){λ4 + (L − 1)τ4} − (U2 − IV )λ−13 (λ3 − τ3){λ3 + (L − 1)τ3}

(ITU − TW + U2 − IV )(λ4 − τ4) − (U2 − IV )(λ3 − τ3)
.

We can again use x = ITU − TW + U
2 − IV , y = U

2 − IV , a3 = λ3 − τ3, a4 = λ4 − τ4, b3 = λ3 + (L − 1)τ3, and

b4 = λ4 + (L − 1)τ4. This gives us

=
xλ4 − yλ3
xb4 − yb3

(xλ
−1
4 a4b4 − yλ

−1
3 a3b3

xa4 − ya3
)

=
x
2
a4b4 − xyλ4λ

−1
3 a3b3 − xyλ

−1
4 λ3a4b4 + y

2
a3b3

x2a4b4 − xya3b4 − xya4b3 + y2a3b3
.

To evaluate whether this ratio is less than or greater than one we can take the difference of the numerator and

denominator.

num. - den. = x
2
a4b4 − xyλ4λ

−1
3 a3b3 − xyλ

−1
4 λ3a4b4 + y

2
a3b3 − (x2a4b4 − xya3b4 − xya4b3 + y

2
a3b3)

= −xy (2τ3τ4λ3λ4 − λ
2
4τ

2
3 − λ

2
3τ

2
4 )((L − 1)/λ3λ4)

= xy(λ4τ3 − λ3τ4)2((L − 1)/λ3λ4).

We already showed in Web Appendix D that x > 0 and y < 0 in a SW-CRT design. Therefore, the difference

between the numerator and denominator is less than or equal to zero which leads to a variance ratio of less than or

equal to one. Thus, var(δ̂l) ≤ var
HG(δ̂l) for any set of valid design parameters, with equality holds when τ3λ4 = τ4λ3

or ρ00 = ρ11 = ρ2,0 = ρ2,1 = 0 (a special case when τ3λ4 = τ4λ3).
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Web Appendix I

Closed-cohort design & common ICCs and intervention effects: derivation of variance

expression, var(δ̂′)

Recall that if we assume common ICCs we have

Γ0 =(ρ0 − ρ00)IL + ρ00JL

Γ1 =(ρ1 − ρ11)IL + ρ11JL

Γ2 =(1 − ρ2,0)IL + ρ2,0JL

Γ
′
2 =(ρ2 − ρ2,1)IL + ρ2,1JL.

And if we assume common intervention effects, then the variance of the intervention effect estimator becomes

var(δ̂′) = IT

N
[ (ITU − TW + U

2
− IV )ω⊤

Λ
−1/2
y {(N − 1)(Γ0 − Γ1) + Γ2 − Γ2′}−1 Λ−1/2

y ω

− (U2
− IV )ω⊤

Λ
−1/2
y {(T − 1)(N − 1)Γ1 + (T − 1)Γ2′ + (N − 1)Γ0 + Γ2}−1 Λ−1/2

y ω]
−1

=
IT

N
[ (ITU − TW + U

2
− IV )ω⊤

Λ
−1/2
y {(λ3 − τ3)IL + τ3JL}−1 Λ−1/2

y ω

− (U2
− IV )ω⊤

Λ
−1/2
y {(λ4 − τ4)IL + τ4JL}−1 Λ−1/2

y ω]
−1

=
IT

LNλ1
[ (ITU − TW + U

2
− IV ) (λ3 + (L − 1)τ3)−1 − (U2

− IV ) (λ4 + (L − 1)τ4)−1 ]
−1

=
(IT/(LNλ1))(λ3 + (L − 1)τ3)(λ4 + (L − 1)τ4)

(ITU − TW + U2 − IV )(λ4 + (L − 1)τ4) − (U2 − IV )(λ3 + (L − 1)τ3)
,

where again we have λ3 = 1 + (N − 1)(ρ0 − ρ1) − ρ2, λ4 = 1 + (N − 1)ρ0 + (T − 1)(N − 1)ρ1 + (T − 1)ρ2,

τ3 = ρ2,0 − ρ2,1 + (N − 1)(ρ00 − ρ11), and τ4 = τ3 + T (ρ2,1 + (N − 1)ρ11). Under the common ICCs assump-

tion, ω = (σy1λ
1/2
1 , . . . , σyLλ

1/2
1 )

⊤

where same as λ3 and λ4, λ1 = 1 − ρ0 + ρ1 − ρ2 is a distinct eigenvalue of the

(endpoint-specific) block exchangeable correlation structure (Li et al., 2018) defined for closed-cohort SW-CRTs

with a univariate outcome.

Closed-cohort design & common ICCs and intervention effects: proof of Theorem 4

An extension of Theorem 2 to closed-cohort designs, denoted Theorem 4, is provided below:

Theorem 4. Under the parsimonious parameterization with common ICC values and a common intervention effect
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across endpoints under a closed-cohort design, the variance of the l-th intervention effect estimator (unscaled) under

model (11), i.e. δl = σylλ
1/2
1 δ

′
, is

var
both(δ̂l) =

(IT/(LN))σ2
yl(λ3 + (L − 1)τ3)(λ4 + (L − 1)τ4)

(ITU − TW + U2 − IV )(λ4 + (L − 1)τ4) − (U2 − IV )(λ3 + (L − 1)τ3)
.

As shown in Theorem 3, under the parsimonious parameterization with common ICC values across endpoints, the

l-th diagonal element of Ωδ is denoted by

var
ICC(δ̂l) =

(IT/N)σ2
yl

(ITU − TW + U2 − IV ) (λ4 − τ4) − (U2 − IV ) (λ3 − τ3)
×

(ITU − TW + U
2 − IV )λ3(λ4 − τ4) {λ4 + (L − 1)τ4} − (U2 − IV )λ4(λ3 − τ3) {λ3 + (L − 1)τ3}

(ITU − TW + U2 − IV ) {λ4 + (L − 1)τ4} − (U2 − IV ) {λ3 + (L − 1)τ3}
,

and var
both(δ̂l) < var

ICC(δ̂l) for any set of valid design parameters.

Proof:

var
both(δ̂l)

varICC(δ̂l)
=

(IT/(LN))σ2
yl(λ3 + (L − 1)τ3)(λ4 + (L − 1)τ4)

(ITU − TW + U2 − IV )(λ4 + (L − 1)τ4) − (U2 − IV )(λ3 + (L − 1)τ3)

×
(ITU − TW + U

2 − IV ) (λ4 − τ4) − (U2 − IV ) (λ3 − τ3)
(IT/N)σ2

yl

×
(ITU − TW + U

2 − IV ) {λ4 + (L − 1)τ4} − (U2 − IV ) {λ3 + (L − 1)τ3}
(ITU − TW + U2 − IV )λ3(λ4 − τ4) {λ4 + (L − 1)τ4} − (U2 − IV )λ4(λ3 − τ3) {λ3 + (L − 1)τ3}

=

(1/L)(λ3 + (L − 1)τ3)(λ4 + (L − 1)τ4) ((ITU − TW + U
2 − IV ) (λ4 − τ4) − (U2 − IV ) (λ3 − τ3))

(ITU − TW + U2 − IV )λ3(λ4 − τ4) {λ4 + (L − 1)τ4} − (U2 − IV )λ4(λ3 − τ3) {λ3 + (L − 1)τ3}

Again using x = ITU − TW + U
2 − IV , y = U

2 − IV , a3 = λ3 − τ3, a4 = λ4 − τ4, b3 = λ3 + (L − 1)τ3, and

b4 = λ4 + (L − 1)τ4. This gives us

=
(1/L)b3b4 (xa4 − ya3)
xλ3a4b4 − yλ4a3b3

= (1/L) (xa4b4)b3 − (ya3b3)b4
(xa4b4)λ3 − (ya3b3)λ4

= (1/L)(xa4b4){λ3 + (L − 1)τ3} − (ya3b3){λ4 + (L − 1)τ4}
(xa4b4)λ3 − (ya3b3)λ4

= (1/L)(xa4b4)λ3 − (ya3b3)λ4 + (L − 1)(xa4b4)τ3 − (L − 1)(ya3b3)τ4
(xa4b4)λ3 − (ya3b3)λ4

= (1/L) (1 + (L − 1){(xa4b4)τ3 − (ya3b3)τ4}
(xa4b4)λ3 − (ya3b3)λ4

) .

We are interested in determining when this ratio is less than 1 which is when

(1/L) (1 + (L − 1){(xa4b4)τ3 − (ya3b3)τ4}
(xa4b4)λ3 − (ya3b3)λ4

) < 1
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⇒
(xa4b4)τ3 − (ya3b3)τ4
(xa4b4)λ3 − (ya3b3)λ4

< 1.

We know that τ3 < λ3 and τ4 < λ4 by definition and we already showed that x > 0 and y < 0 under a SW-CRT,

therefore the numerator is always less than the denominator which means the variance ratio is always less than 1.

Web Appendix J: Web Tables

Table 1: Estimated required number of clusters I, subjects per cluster-period N , periods T , empirical type I
error when setting both effects to zero e, empirical power ψ̄, and predicted power ψ obtained from power formula

for given effect size δ
l/σδl, within-period and between-period endpoint-specific ICCs (ρ

l
0, ρ

l
1), within-period and

between-period between-endpoint ICCs (ρ
ll

′

0 , ρ
ll

′

1 ), and intra-subject ICC (ρ
ll

′

2 ) assuming a CAC of 0.5 with L = 2
co-primary endpoints.

ρ122 (ρ10, ρ
1
1) (ρ20, ρ

2
1) (ρ120 , ρ121 ) (δ1/σδ1, δ2/σδ2) I N T e ψ ψ̄

0.2 (0.02, 0.01) (0.02, 0.01) (0.01, 0.005) (0.43, 0.43) 20 13 3 0.3 84.5 83.0
(0.10, 0.05) (0.01, 0.005) (0.40, 0.38) 12 25 5 0.2 85.2 86.7
(0.20, 0.10) (0.01, 0.005) (0.39, 0.56) 12 25 4 0.3 83.6 86.2

(0.10, 0.05) (0.02, 0.01) (0.01, 0.005) (0.38, 0.33) 12 25 5 0.2 82.6 85.0
(0.1, 0.05) (0.05, 0.025) (0.49, 0.98) 12 15 4 0.6 85.6 88.1
(0.20, 0.10) (0.05, 0.025) (0.59, 0.99) 12 20 3 0.7 84.2 84.7

(0.20, 0.10) (0.02, 0.01) (0.01, 0.005) (0.47, 0.22) 20 18 5 0.7 82.2 82.3
(0.10, 0.05) (0.05, 0.025) (0.92, 0.92) 10 12 3 0.3 84.1 84.8
(0.20, 0.10) (0.10, 0.05) (0.54, 0.81) 12 25 4 0.7 83.9 85.8

0.5 (0.02, 0.01) (0.02, 0.01) (0.01, 0.005) (0.30, 0.28) 30 10 4 0.7 84.4 84.1
(0.10, 0.05) (0.01, 0.005) (0.34, 0.88) 16 22 3 0.6 82.4 81.3
(0.20, 0.10) (0.01, 0.005) (0.42, 0.83) 8 20 5 0.2 86.3 86.2

(0.10, 0.05) (0.02, 0.01) (0.01, 0.005) (0.38, 0.55) 21 10 4 1.1 84.0 84.7
(0.10, 0.05) (0.05, 0.025) (0.52, 0.68) 8 25 5 0.5 84.8 88.7
(0.20, 0.10) (0.05, 0.025) (0.62, 0.62) 22 8 3 0.8 83.9 83.9

(0.20, 0.10) (0.02, 0.01) (0.01, 0.005) (0.84, 0.29) 26 18 3 0.8 84.7 86.8
(0.10, 0.05) (0.05, 0.025) (0.60, 0.60) 12 16 4 1.3 85.0 85.8
(0.20, 0.10) (0.10, 0.05) (0.32, 0.84) 24 24 5 1.4 85.7 86.4

0.8 (0.02, 0.01) (0.02, 0.01) (0.01, 0.005) (0.31, 0.55) 12 16 5 1.5 84.4 82.6
(0.10, 0.05) (0.01, 0.005) (0.29, 0.57) 30 14 3 1.7 83.1 84.6
(0.20, 0.10) (0.01, 0.005) (0.20, 0.84) 30 17 4 1.3 81.4 80.2

(0.10, 0.05) (0.02, 0.01) (0.01, 0.005) (0.31, 0.62) 20 13 5 0.9 84.2 83.5
(0.10, 0.05) (0.05, 0.025) (0.82, 0.92) 8 22 3 0.6 85.2 87.4
(0.20, 0.10) (0.05, 0.025) (0.45, 0.45) 18 18 4 1.0 83.7 85.4

(0.20, 0.10) (0.02, 0.01) (0.01, 0.005) (0.99, 0.25) 28 25 3 1.3 85.6 84.9
(0.10, 0.05) (0.05, 0.025) (0.63, 0.31) 24 17 4 1.0 84.1 84.6
(0.20, 0.10) (0.10, 0.05) (0.82, 0.82) 8 10 5 1.1 86.1 89.4
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