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Supporting Information Text
1. Circular Kalman filtering

Here, we present a derivation of the circular Kalman filter (circKF), which we use as an ideal observer model in the main text.
The following derivation’s main purpose is to provide the reader with some intuition behind the formalism, such that it uses a
discrete-time approximation, followed by taking the continuous-time limit. For a mathematically-rigorous, continuous-time
derivation of the circKF, please consult (1).

A. Generative model. Assuming time to be discretized in steps of dt¢, the overall goal is to derive an online estimator for the
unobserved true head direction (HD) ¢; € [—7, 7] at each point in time ¢, conditioned on a continuous stream of noisy angular
velocity observations Vi = {vo, vat, ... v} (in the main text denoted vo.¢) with v, € R and HD observations Z; = {zo, zat, . - - 2¢ }
(in the main text denoted zo.¢) with z; € [—m, w]. We assume that these observations are generated from the (true) angular
velocity qz'St = % and HD ¢:, respectively, and are corrupted by zero-mean noise at each point in time:

— O 1
p(vie|de, dr—ar) = N (Ut; %7 oy dt) ) [S1]
p(2tldt) = VM (21; ¢, k- d2) [S2]

where VM (p; i, k) = % denotes the von Mises distribution of a circular random variable ¢ with mean p and precision .

Ky and k. refer to the precision of the angular velocity and HD observations, respectively. The precision x.dt of HD observations
scales with dt to ensure that smaller “time steps” come with less informative HD observations to avoid “oversampling” in the
dt — 0 limit. More technically, we need to ensure that the Fisher information that each HD observation has about the HD
scales linearly with d¢. As we show in (1, Theorem 2), this Fisher information is given by I, (¢:) = v/27.dt where ~; is the HD
observation Fisher information rate per unit time. For small dt — 0 we furthermore have .dt — (k.dt)?/2 (see (1)) such that
K> needs to be adjusted if the simulation time step size At changes in order to keep 7, constant. As our simulations all use the
same time step size, we safely ignore this subtlety for the remainder of this text.

We further assume that HD ¢, follows a diffusion on the circle, which serves as a dynamic prior over HD in terms of a
transition density:

p(pt|dt—ar) ~ N (¢t;¢tdt, Z) mod 27, [S3]

Here, k¢ > 0 is related to the inverse diffusion constant: a large k4 implies limited diffusion and an almost-stationary stochastic
process. In this case, past observations are generally highly informative about the current HD. A small k4 implies that HD
is most likely to change significantly from one time step to the next, indicating that past observations only provide limited
information about our current HD.

B. Discrete-time Bayesian filtering. Given the posterior p(¢:—a¢|Yi—at, Zi—at) at some previous time-step ¢t — dt, we compute
the posterior at the current time step ¢ using the conditional dependencies of the model and Bayes’ theorem:

p(De| Vi, Z) g, p(2t|de)p(0e| Vi, Zi—ar)

4
= p(Zt|¢t)/d¢t—dt p(¢t|¢t—dt,’Ut)p(¢t—dt|Zt—dt, Vt—dt)- [S ]
This equation offers a way to recursively compute the current posterior density from the previous one, by taking two distinct
steps: the so-called prediction and update step. The prediction step is a convolution between the previous posterior and the
transition density p(d¢|pi—dz, vt), as implemented by the above integral. It tells us how the posterior is expected to evolve
in a single time step when only observing angular velocity information, but no HD observations, are present, resulting in
the prediction density p(¢:|Vs, Zt—a¢). Note that the angular velocity observations v; enter this step through the effective
transition probability p(¢¢|di—dar,v+). In the update step, we multiply the result of the prediction step with the HD observation
likelihood p(z:¢|¢¢). Intuitively, this step can be understood as Bayesian cue integration between the prediction density and the
HD observations.

In general, we will not be able to solve Eq. [S4] in closed form™ for continuous variables like HD. We thus have to introduce
approximations of p(¢¢|Vi, Z;) that allow us to consistently perform prediction and update steps. Specifically, as one of the
simplest choices for unimodal probability distributions for circular variables, we chose to approximate the posterior by a von
Mises distribution,

p(e|Vi, Ze) = VM(by; e, Ki)- [S5]

By using this approximation, the estimation task reduces to having to find evolution equations, conditioned on angular velocity
observations v; and HD observations z:, for the two parameters p: and x¢, which are sufficient to fully specify the posterior
distribution. In what follows, we will consider the effect of angular velocity observations and HD observations on the two
parameters separately.

*In fact, a closed-form solution is almost never achievable for continuous state-spaces. One of the few cases where it is is when prediction and update steps are linear Gaussians, in which case Eq. [S4]
yields the Kalman filter.
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B.1. Angular velocity observations.In Eq. [S4], angular velocity observations enter through a modified transition density
D(¢¢|dt—at, v¢), which can be computed using Bayes’ theorem:

P(Pe|ve, pe—ar) o<g, P(Ve]Pe, Prat)p(Pe|de—ar)- (S6]

The modified transition probability is again a Gaussian, as can be seen from its logarithm being quadratic in ¢,
Kodt ( Ot — Pr—ar ) 2 Ke

2 \" at o
1 Ko + K¢

BT (¢¢ — ¢t—dt)2 - % (¢t — Pt—ar) vedt + R [S7]

2
_lhuthg _ _ B
BT (¢t <¢tdt + Fo + g vtdt>> + R,

where terms independent of ¢;, collectively denoted by R, can be absorbed in the normalization. Hence, the modified transition
probability reads:

— log p(¢e|ve, Pr—ar) (¢r — dt—at)’ + R

v dt
p(Pe|ve, pr—ar) =N <¢)t; Gr—ar + ’%I:_ vy dt ) mod 2. [S8]

Ko K¢+ ky
Together with the assumption that the posterior of the last time step, p(é+—at|Vi—dt, Zt—at), is given by a von Mises
distribution with mean p;—q; and precision x¢—q4¢, we can write down the expression for the prediction density p(¢¢|Vi, Zi—at)
(cf. first line in Eq. [S4]):
p(pe| Vi, Ze—ar) :/ dds—ar p(Pe|ve, Pr—ar)D(Pr—dat| Ze—at, Vieat)
- [S9]

T dt
:/ dpi—ar N <¢t;¢t—dt + ¢ dt ) VM (Pir—at; fhe—dt, Ke—dt) -

’qub‘i"iv

v
K¢ + Ko

Unfortunately, there is no closed-form solution for this integral. To approximate the prediction density p(¢:|Vz, Z:—a:) at each
moment in time by a von Mises density VM (¢; fit, R+ ), we will use a more sophisticated approximation method, namely a
projection filter (2). Such a filter ensures that this approximation is optimal by minimizing the infinitesimal Kullback-Leibler
divergence at each moment in time. The technical details can be found in (1), and in this SI we limit ourselves to giving the
final result:

K

= 41} 1
th ow + P UVt dt, [S O}
dry = — L) gy [S11]
2(kv + Fo)
Here, the decay of the certainty k. is governed by the nonlinear function
A(kr) : I (ke)
f(fﬁt) rop — A(M) — KA(M)Qv wit (Ht) Io(fit)’ [S }

where Io(-) and I;(-) denote the modified Bessel functions of the first kind of order 0 and 1. This function takes care of the fact
that the true HD ¢, follows a diffusion on the circle, which becomes particularly relevant for small values of k.. In particular,
f(ke) = 1 for small k¢ and f(k:) = 2k — 2 for large k¢, indicating that the decay is asymptotically quadratic.

B.2. HD observations. Angular-valued HD observations z; are integrated by multiplying the observation likelihood p(z:|¢+) with
the prediction density p(¢¢| Vs, Zi—a¢). If the prediction density is also von Mises (which is the assumption above), this cue
integration is closed:

P(¢t|2e, dye) = VM (265 b1, k2 dt) - VM(by; fir, Rt

-
COS ¢t COS 2t _ [ cos [t

o< exp <<Sin¢t) . (KZ dt (sinzt> + Rt (sinﬁt>)> [S13]
cos ¢ ’ cos [

R t . t

- xp <<sin ¢i) it (sinuz)) ' 514

Thus, the natural parameters of the posterior distribution, @: = (z1,z2) = (Kt COS ¢, k¢ Sin ,ut)T, can be written as the sum of
the natural parameters of the prediction density and the likelihood!:

Tt = iit + K2 (C,OS Zt) dt [815}
Sin z¢
dwt = Tty — it = Kz <C?S Zt) dt. [816}
Sin 2z

T This is not too surprising, as it is well known that in exponential family distributions these update steps boil down to adding up the natural parameters.
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The updates of the parameters p; and x; of the von Mises distribution due to the observation z; are obtained by transforming
the update of x: to polar coordinates:

dpyP = darctan2 (z2, 1) = ':—j sin(zy — e )dt [S17]
drPdee = Ay /22 + a2 = k. cos(z: — ue)dt. [S18]

B.3. The circular Kalman filter. In the continuum limit d¢ — 0, we do not distinguish between the parameters of the prediction
density, fi; and K¢, and that of the posterior density, u¢ and k;. The circKF equations result from taking the prediction and
update steps simultaneously, thereby combining Eq. [S10] with Eq. [S17] for the mean dynamics, and Eq. [S11] with Eq. [S18§]
for the precision dynamics:

dpe = T-:mvt dt + :—j sin(z; — e )dt, [S19]
de; = 7Mmdt + Kz cos(ze — pe)de. [S20]
2(kg + Kv)

Here, we adhered to expressing these equations in terms of their infinitesimal difference, du+ and dk:, instead of a differential
equation. This is a standard way to express stochastic differential equations (SDEs), which makes it more straightforward to
deal with the non-linear time scaling of the HD observations z;.

B.4. The quadratic approximation of the circular Kalman filter. If r, is sufficiently large, the nonlinearity f(k:) can be approximated by
a linear function, f(k:) &~ 2k — 2, such that the decay in Eq. [S20] becomes quadratic:

1
dke =~ Brer (&? — m) dt + k. cos(ze — pe)dt. [S21]

We use this approximation when implementing the Bayesian ring attractor network.

C. Coordinate transforms [Technical]. The von Mises distribution can be parametrized by its mean and precision parameters,

u and k, or in terms of its natural parameters, = (z1, mg)T = (kcos p, ksin M)T. These two parametrizations are perfectly
equivalent, and can be thought of as the polar and Cartesian coordinates of a vector, respectively. Except when x = 0, which
we assume to never occur, we can go back and forth between these representations by performing a coordinate transformation.

For the neural network we describe further below, it is easier to decode « than p and s from neural population activity.
Thus, it is useful to express the circular Kalman filter as SDEs for . Unfortunately, we cannot simply find these SDEs by
applying a coordinate transform to Egs. [S19] and [S20]. Technically speaking, since the angular velocity observations vy
follow a stochastic process, we have to take into account second-order derivatives, which is called It6’s lemma in stochastic
calculus (see (3) for an introduction). As we will here show in a slightly technical argument, using stochastic instead of ordinary
calculus explains why we need an additional decay term in the network implementation in Sec. 3 that would not arise from a
simple coordinate transform. Understanding this argument is not required for understanding our general theory and network
implementation, and thus can safely be skipped.

First, we express the generative model in Eqgs. [S3] and [S1] in terms of their equivalent It stochastic differential equations
(SDEs). Defining the infinitesimal increment du; := v, d¢, the SDEs read:

1
d¢ps = —d 22
ot o Wi [S22]
duy = dy + ——dVi, = ——dW, + ——dV; 523]
Ut = t \/E ty — \/@ t \/E ty

where dW; € R ~ N (0,dt) and dV; € R ~ N (0,dt) are uncorrelated scalar-valued Brownian motion processes with dW; dV; = 0.
Since the variance of Brownian motion processes grows linearly in time, we have that (dW;)? = d¢t, (dV;)? = dt, and thus
(dug)? = (i + K%) dt. The second equality in Eq. [S23] tells us that whenever angular velocity observations are drawn from
the ‘true’ generative model in Eq. [S1], they automatically inherit the noise of the process that was used to generate ¢;.

It6’s lemma tells us how to perform a variable transformation from a stochastic process x;, which is governed by an It6
SDE, to another stochastic process y: = g(z+):

dg(x) 19%g(x)
ox dze + 2 92

T=x¢ T=xt

dy: = dg(z¢) = (dat)?. [S24]

Thus, we can use It6’s lemma to transform the dynamics of y¢ and k; in Egs. [S10] and [S11] to the dynamics of the natural
parameters of the von Mises distribution. Note that, since the dynamics of x; are independent of the angular velocity
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observations, Eq. [S11] is deterministic with (dx;)* = 0:

—si 1 _
dll}t =d |::‘{t (Cf)sut)] = (C_OS 'ut) d:‘it + Kt ( s Mt) th + — Kt ( C.OS ,th) (d,ut)Z
sin e sin e COS it 2 — sin g
—q 2
o ) (eosme) gy Kere(osinpe) g L (e m g [S25]
2(kg + ko) sin put K¢ + Ko \ COS it 2 \@2 ) (Ko + Kg)?
_ 1 f(ke) @, dt — 1 ko/Kg @, dt + — 0 -1 x; dus.
2 Ky + K¢ 2 Ky + Ko Ko +re \1 0
Here, the additional decay term —% :: _/:j; x.dt arises from the stochastic nature of the increment process wu;.

Since HD observations z; are added on the level of natural parameters (cf. Eq. [S16]), these can be included in a straightforward
manner, yielding the circular Kalman filter in its natural parameter form:

fke) + Ro/Rg

1 0 —1 COS z¢
— 2L\ R/ e — . ) 2
dx; o s x: dt + . p (1 0 ) s dus + K (Sl t) dt [S 6]

D. Numerical benchmarks. As described above, the circKF approximates the posterior at each point in time by a von Mises
distribution, and thus is itself an approximate algorithm. To compare its performance, and that of the Bayesian ring attractor
to the truly best filtering performance for the assumed generative model, we additionally used a Bootstrap particle filter, which
is exact in the limit of an infinite number of particles. Here, we first outline the algorithm itself, and then discuss how we
assess filtering performance in general, to compare performance across algorithms.

D.1. Bootstrap particle filter. As a numerical benchmark, we used a Sequential Importance Sampling/Resampling particle filter (4)
(SIS-PF; member of the family of Bootstrap particle filters) that we modified to be applicable to angular velocity observations.
Here, we briefly outline the numerical implementation of the SIS-PF for our particular filtering problem, and refer the reader
to more specialized literature for derivation and convergence results (e.g., in (4, 5)).

The principle behind particle filters is that they provide a weighted empirical estimate of the posterior distribution,

P (e Ve, Zo) ~ Zw“a c— o), [527]

where we refer to w( " as the importance weight of the i-th particle with position ¢, (@) Weighted particle filters are asymptotically
exact, i.e. they provide us with the best possible inference performance in the hmlt of infinitely many particles N — co. At
each discrete time step, the N particles in the SIS-PF are propagated according to the proposal density 7, which we chose to
correspond to the modified transition density in Eq. [S8]:

7T (SOEJ) |¢§])At’ ’Ut)
At

= N < (])a SDEJ)At + fv (%7 Atv ) mod 2. [828}

Ky + Ko Ky + Ky

Subsequently, each particle j is weighted at each time step according to how well the proposed particle distribution fits to the
HD observation z;. This is equivalent to multiplying the previous weight with the observation likelihood (Eq. [S2]):

w! —wt At VM (zt,got ,mzAt> [S29]

Lastly, the particles are re-weighted such that the importance weights sum to 1, Zl wii) =1:
(2>
— [S30]

E w(J)

In our simulations, we used N = 10® particles, which is sufficient if HD observations are present.
Mean p; and precision r¢ € [0, 1] of the filtering distribution approximated by the SIS-PF can be determined at each time
step according to a weighted average on the circle, i.e. the first circular moment:

e exp(ifit) Z w; exp (upm) [S31]
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D.2. HD tracking performance measures. In the main text, we quantified HD tracking performance by estimating the absolute
value of the circular average distance between the estimate pr at the end of the trial (using the mean of the filter posterior,
which is the filter’s best guess), and the true HD ¢r, averaged across P simulations with different noisy observation sequences,

Vo, ...,vr and Zzo,..., 27!
P
1 . k k
m=3 kg exp (z (,LL(T) — <T))> . [S32]
=1

Here, m4 is a complex number, and HD tracking performance corresponds to its absolute value, |m1| (larger = better / more
accurate). Note that this absolute value is one minus the circular variance of the error. As this variance is bounded by zero
and one, zero variance implies a performance of |mi| = 1, and maximum variance of one implies a performance of |m1| = 0. To
get a sense of how estimates pur are distributed around the true HD ¢r for a given value of |m1|, we provide representative
histograms in Fig. S5.
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2. Neural encoding example: encoding of the von Mises distribution with a linear probabilistic population code

In the main text, we assume a bump-like encoding of the HD posterior belief whose bump amplitude is scaled by the encoded
certainty k¢. This implies that the amplitude of the first Fourier component is proportional to the certainty (see main text
Eq. (3)). This is trivially fulfilled for the cosine-shaped tuning curves that we used for illustration in the main text (main text
Fig. 2). Here, we will demonstrate that this also holds for a more elaborate bump encoding scheme: specifically, we consider
the case of a linear probabilistic population code (IPPC) (6-8) with independent Poisson neural noise. The central idea behind
such an IPPC is that neuronal activity encodes an exponential family probability distribution, e.g., about HD, such that the
natural parameters of this distribution can be retrieved through linear operations, that is, a weighted sum of neural activity.

In what follows, we will first show that an IPPC for a von Mises distribution with independent Poisson neurons gives rise to
von Mises shape tuning curves, which are scaled by the encoded certainty (following (6)). Using this result, we will derive the
population activity profile as a function of the encoded estimate and certainty that results from this encoding scheme, and
show that the amplitude of this profile is indeed also proportional to the encoded certainty.

A. Tuning with respect to (true) HD ¢,. We assume that tuning curves of the population encoding the posterior p(¢¢|V;, Z:) can
be described by a typical shape f, which is scaled by the population gain g. That is, the tuning curve of a single neuron i is
given by fi(¢:) = g fi(¢:¢). Following (6), we further assume that the neuronal population consists of N independent Poisson
neurons, which densely tile the stimulus space of true HDs, ¢. Thus, we can write down the probability of a population firing
pattern 7 € RY as

p(rion,g) = [T o (—o00)

i

~exp (z g9 fi(9)) — 3 log il - Zgﬂwz)) 539

(3

X, €XP (Z rilog fi(@t)) ;

k3

where we used that ZZ g fi(qzﬁt) is approximately independent of HD ¢: due to the dense-tiling assumption.

Assuming that p(¢¢|r) follows an exponential family distribution, such as the von Mises distribution, an IPPC requires that
the natural parameters of this distribution can be recovered from the population activity by a linear operation, i.e., a weighted
sum. For a general exponential family distribution with d sufficient statistics T(¢¢) € R?, and natural parameters , we thus
can re-parametrize the distribution in terms of the the population activities r (6):

p(e|r) exp (T(¢0)" - z)

_ L
Z(¢t,$)

1 T
= m exp (T(¢t) . AT) s

[934]

where the decoder matrix A € R4*¥Y is defined via & = Ar. Assuming a uniform prior over HD, that is, p(¢:) o 1, we can
relate Egs. [S33] and [S34] by Bayes’ rule, p(é¢|r) o« p(r|¢¢, g). This results in the following conditions for the tuning curves:

p(t|r) <o, p(r|dr), [S35]
= log f(¢e) = AT - T(¢r). [S36]

For a von Mises distribution, the natural parameters are given by T(¢:) = (cos ¢4, sin qzbt)T. Thus, the argument of the
exponential in the neurons’ tuning curves is a linear combination of sines and cosines. This, in turn, can be written as a single
cosine x ccos(¢r — ¢;), where ¢; € [—m, 7| denotes the “preferred HD” of neuron i. The tuning curve of a single neuron is thus
von-Mises shaped, i.e.,

fi(¢1) = exp (£ cos(dr — 1)), [S37]
where £ is an additional parameter that controls the width of the tuning curves. Furthermore, the decoder matrix is constrained
via (AT); = £ (cos ¢y, sin ¢;).

In order to determine the population gain g, note that we require the natural parameters of the von Mises distribution,
T = K¢ (Sin e, cos it ), to be linearly decodable from the population activity via @ = Ar. Since x is proportional in k¢, this
linearity implies that the overall population activity r should also be overall scaled by x:. Hence, the tuning curve of a neuron
with preferred HD ¢; reads:

fi(pe) = gfi(dr) = ke exp (£ cos(p — ¢i)) . [S38]

To summarize, an IPPC with independent Poisson neurons gives rise to von Mises shaped tuning curves, whose gain is
scaled by the encoded certainty k.. Importantly, unlike for the encoded von Mises distribution, an increase in certainty x; does
not cause the resulting activity profile to sharpen.
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B. Tuning with respect to HD estimate ;i;. Tuning to true HD ¢; can only be measured if we have access to the encoded HD
estimate. To instead find the tuning with respect to pu: and x: that parametrize the distribution of ¢., we need to average the
neuron’s tuning for a given u: and k; over all possible realizations of ¢:. This results in the following tuning with respect to p.
and K¢:

fz'(m,m):/ dos fi(pe) VM (¢ pi, ki)

™

Kt T
= m [W dr exp (€ cos(¢r — @) + e cos(pr — fir)) 539]

= 7)/ dr exp (Re,i cos(pr — fii))

with R¢; = \/52 + k2 + 2€k¢ cos(@; — pe). This tuning curve is again bump-shaped, with a peak at the encoded HD estimate
¢ and the bump amplitude modulated by encoded certainty x; in a nonlinear manner.

For small values of encoded certainty, the tuning curve approaches a cosine-shaped tuning with a gain that is a nonlinear
function of k;. To see this, we use the series expansion of the Bessel function for a small argument z,

o)=Y m (g)m ~ 1+ %2 + oY), [S40]

and write for the tuning curve in the small-x; limit

Io(Req) ke 1o\ _ ke 12, 2 o
e ol (1+ 2@,2) = ol (1+ 1 (€Ki + €hicos(¢: uz))>~ [S41]

2
Thus, the tuning curve of a neuron i for small values of k; is cosine-shaped, and modulated by the nonlinear factor %&1),
which asymptotically approaches %H? for Ky — 0.

For large values of k¢, the tuning curve is von-Mises shaped and the gain is asymptotically linear in encoded certainty. To
see this, we use the Hankel expansion of the Bessel function Io(z) in the limit of large arguments z:

Io(2) ~ ﬁ 4o (Z%) , 1942]

and simplify

Io(,‘?ut 1) Kt ~
) i — ) S43
Kt To(ke) Kt Fes exp (Re,i — FKt) [S43]

Taylor-expanding the exponent &:; — k¢ for small values of 1/k; yields,

2
Rii— ke = m\/l + g—z + Ki cos(pi — pe) — ke = & cos(¢i — pe) + & +0 <le> . [S44]

Ky 2 2K/t

Further, the pre-factor Fttl — 1, and thus the tuning curve in the large-x; limit reads:

fipe, 5t) = K exp (g cos(¢i — Mt)) : [S45]

The choice of the width parameter £ determines how large x; has to be for the tuning curve to scale linearly with encoded
certainty.

In Fig. S1, we demonstrate these limits (assuming £ = 1 without loss of generality), and find numerically that linear scaling
of the population activity amplitude holds well even for small k¢ (e.g., k¢ ~ 1, cf. Fig. S1f). In addition, the width of the profile
saturates quickly as we increase x: (which indicates the transition from cosine-shaped to von-Mises shaped tuning curve),
which makes the shape almost independent of ;. Therefore, the population profile is not just a rescaled version of the encoded
probability distribution (Fig. Slc), because an increase in certainty does not cause the bump to sharpen indefinitely.

The linear scaling of the amplitude with k;, and (almost) constant width, indicate that the parameters of the von Mises
distribution, p: and k¢, can be retrieved from the population activity by computing the first Fourier coefficients:

FU filps, k)] = %/ dei fi(pe, kt) cos(di) o< kit cos it = Tt,1, [S46]

™

FPA filpe, k)] = %/ depi fi(pe, ki) sin(s) o ke sin puy = @4,2. [S47]

-
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The certainty #; can be retrieved via #; = \/x7, + 7 ,, and thus is proportional to the amplitude ¢; of the first Fourier com-
ponent in amplitude-phase form. Likewise, the mean pu; is the angle of the first Fourier component, i.e. u; = arctan 2(z¢,1, +,2).
In other words, the tuning profile can be expanded as

filpe, ki) ~ ki cos(pe — ¢i) + R, [S48]

where R collectively denotes the orthogonal other Fourier modes. In Fig. S1g-j, we confirm the proportionality of the amplitudes
of the first Fourier coefficient in x¢ numerically.
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3. Details on Bayesian ring attractor dynamics and parameter tuning

In the main text we consider a rate-based network model, called the Bayesian ring attractor, that implements an approximation
to the circKF in the dynamics of its bump position and amplitude. Here, we derive this network in two steps. First, we
start with a network that implements the circKF exactly (in the limit of an infinite number of neurons) by implementing the
dynamics described by Eqgs. [S19] and [S20]. This network won’t be a ring attractor, as its activity will decay to zero in the
absence of external inputs. After that we will change the network to instead implement the quadratic approximation to the
circKF by implementing the dynamics described by Egs. [S19] and [S21], resulting in the Bayesian ring attractor described in
the main text.

Our derivation starts with a general network in the limit of infinitely many neurons, continuously covering the space of
preferred HDs. For this network we will analytically derive dynamics of bump position and amplitude. Matching these dynamics
to that of the circKF equations then allows us to determine the network parameters required for this implementation. The
network we present in the main text is formulated for a finite number of neurons, and here we will further demonstrate that it
is straightforward to change between those two representations. In fact, any network coefficients for the infinite-neuron network
are chosen such that they also describe those used for the finite-neuron network in the main text.

A. Network that exactly implements the circKF. Let us make an ansatz for a continuous-space, linear network dynamics with an
additional non-linear interaction term:

dry(¢) = *%Tt(@dt +9(re(9)) - re(@)dt + (W x10) (¢) dt + I (). [S49]

Here, r:(¢) denotes the activity of a neuron identified by its preferred HD ¢ at time ¢, and I;**(¢) is an external input. Due
to the circular symmetry, the recurrent connectivity function W(A¢) only depends on the relative distance A¢ between two
neurons’ preferred HD. Further, (W % ry) (¢) := %fdd)’W(qb — ¢")ri(¢) denotes a convolution.

We consider the decomposition of the activity profile r:(¢) in terms of its Fourier modes:

ri(e) = %ro(t) + 37 (e () cos ke + 1 (1) sin ko) S50
k=1
- %ro(t) + ; 7 () cos k(¢ — Wi (1)), [S51]

even odd

Note, that the Fourier coefficients 73" (¢) and r;°“(¢) are related to the coefficient’s amplitude 7 (t) and phase W (t) via a
Cartesian to polar coordinate transformation. Taking the derivative on both sides (in the amplitude-phase form) results in:

dr.(¢) = % dro(t) + Y (cosk(¢ — W (0) din(£) + k() sin k(6 — 01 (5) dWL(E) ). [S52]

Thus, we can determine the dynamics of the Fourier coefficients rg, 7x, and Wy by Fourier-transforming Eq. [S49], and
subsequently matching the coefficients in the Fourier modes:

aro) =1 [ dstar) = (<L w) ot~ gt + 1570, 553
din(t) = L / dg cos k(¢ — e (£)) (dre)
TJn [S54]
- (—% n wk"> Fo(t) At — g(re) e (£) dt + T (t) cos(®x () — (1))
1 1 [7 ,
dUg(t) = D . /,7, desin k(¢ — Ui (t)) (dre) -
~ 0 g 5O @) — ),

k k7 (t)

where we used the Fourier decompositions W (A¢) = %2 + 327 | (wi" cos(kAg) + w sin(kA¢)) and I (¢) = 2 +
> ney Ircos(k(¢ — @1)). Note that here, Ij, refers to the k-th Fourier amplitude of the input, and not to the modified Bessel

function. Furthermore, in the main text we restrict the discussion to wo, w$'® and w$eY and denote them w™* = wy,
w¥™ = ¥ and W™ = w9, respectively. Setting W1 (t) = ps and 71 (t) = ¢, the dynamics of the first Fourier components

in amplitude-phase form read:
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dpe = w At 4 I, (t) sin(®1 (£) — ), [S56]

1
dre = (—f + wfve”) ke dt — g(re) ke dt + I1(t) cos(P1(t) — pe) [S57]

T

Comparing Eq. [S19] (g from circKF) with Eq. [S56] and Eq. [S20] (k; from circKF) with Eq. [S57] allows us to determine
conditions for network parameters and external input in Eq. [S49], such that the circKF is exactly implemented in the dynamics
of the network’s first Fourier mode:

Even recurrent connections —wi"" =1/,
. K
Odd recurrent connections w$%? = —Y
K¢ + Ko
External input strength [ = k.dt,
External input phase ®1(¢) = 2,

f (ke (re))

Nonlinear inhibition g(r:) = g+ 1)
[0} v

Here, v denotes the (observed) angular velocity with reliability ., and z¢ the HD observation with reliability x.. The nonlinear
inhibition needs to be able to compute the amplitude x; from the network activity r:(¢). Note that this does not impose
any conditions on network parameters which do not affect the first Fourier component dynamics, for instance, higher order
recurrent interaction strengths wy with k # 1. These can in principle be chosen freely.i Note that, in this simple network,
angular velocity observations modulate the first odd component of the recurrent connectivity matrix. This is biologically
unrealistic, and will be addressed once we move to the multi-population network further below.

To summarize, one potential (out of many possible) network dynamics that implements the circKF in the dynamics of its
first Fourier components reads:

dre(9) = —Lra(6) dt — %n(qﬁ)dt + = (coswr) ()dt + v (sin ) (9)d 4 1(0), [$58]

Please consult Sec. D for an additional term required to account for r; being a stochastic process. We have not included this
term here, as it only becomes important in the d¢ — 0 limit, and does not contribute additional intuition about the network’s
operation.

B. Network with quadratic nonlinearity. While the network we have derived so far implements the cricKF exactly, its activity
decays to zero in the absence of external inputs, such that it is not an attractor network. In this section we will instead use the
quadratic approximation to the circKF, which will lead to the Bayesian ring attractor we discuss in the main text. To do so,
we use the following nonlinearity for the inhibitory interaction:

g(re)re = w (M * [ri] 1) () o (), [S59]

s

with rectification nonlinearity [-]+ and a constant function M = %. Here, o denotes the Hadamar (piecewise) product. In the
main text, we wrote this interaction as g(r;)r; — w"*d <7r szzl[rti>]+) - ¢, which is equivalent, but less technical.

We assume r; to be dominated by its first Fourier component, such that the other orders become negligible, i.e. r:(¢) =
ke cos(¢p — pe) + R with R small. We find

(M [ )(0) ~ & / 46T v cos(@’ — )], = o 1S60)

Fourier-transforming the nonlinearity with respect to the amplitude-phase form yields:

™ quad K
L[ ot coste’ = pgtrar = [ cos(s' = o) O 6 1)@ 1)
- wad [S61]
w

Klt/ d¢p’ cos(¢’ — pue) 11(¢)) = w k7.

Thus, the dynamics of the first Fourier amplitude of a network with this nonlinearity is given by:

iPracticaIIy, we chose them such that higher-order Fourier modes and the zero-th mode decay reasonably fast, to produce a unimodal activity bump.
§’Alternatively, we can consider additionally convolving r; with a cosine before applying the rectification, effectively filtering out the desired mode.
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dke = (7% + wim) ke dt — w4 dt + 11 (t) cos(Pr (8) — pur). [S62]

The network parameters can be tuned such that the dynamics match that of the quadratic approximation of the circular
Kalman filter (Eq. [S19] and [S21]), analogously to the previous section. This yields the following network parameters for a
Bayesian ring-attractor network:

. 1
Even recurrent connections wi"*" =1/7 + ——
Fiq} + Koy
] dd K
Odd recurrent connections —w{"® = —=—uy,
K/d) + Koy

External input strength [, = k.dt,
External input phase ®1(¢t) = 2,

d 1
wqua _

Quadratic inhibition _
K/(;S + Ry

C. Continuous vs. discrete networks. The analysis we have presented above is valid for a continuum of neurons, i.e. N — oo,
that span a continuum of preferred HDs. Formally, this implies that the difference in preferred HD between two 'neighboring’
neurons converges to zero, A¢ 1= ¢; — ¢; = %" — 0. In the text and for our simulations, we used a discretized network, where
we assumed the preferred HDs of the neurons to be equally spaced, but finite.

It is straightforward to go back and forth between these two representations (cf. (9)): in a discretized network, r; denotes a
vector of neural activities, indexed by their preferred HD ¢;, which becomes a function 7:(¢) for a continuous network. Likewise,
connectivity matrices W become functions with two arguments W(¢;, ¢;), and matrix multiplications become integrals. The
circular symmetry of HD implies that the entries of a connectivity matrix only depend on the relative distance between two
neurons, and not on absolute position, such that for a connectivity matrix W we can write W;; = W (¢, ;) = W(d: — ¢;).
Thus, we can write matrix multiplications as convolutions (assuming the vectors and matrix are ordered with respect to their
preferred HD):

N N
N
(W . rt)i = Z Wijrt,j = % Z WijTt,jA(ﬁ [563]
Jj=1 j=1
vt [ aowo i) = o [ a8 Wio— o) = T v @) 64

where we defined the convolution as above. Thus, to ensure consistency between the coefficients of the matrices used in the
main text and the coefficients of the connectivity functions we used in our analysis in the SI, we scaled the connectivity matrices
in the main text by a factor %

D. Stochastic correction [Technical]. The derivation in the previous section did not take into account that due to the dependence
on the angular velocity observations v, the phase Wy (¢) is actually an Itd stochastic process, and hence the network activity r;
is, too. Thus, when performing a change of variables, such as the expansion Eq. [S52], we have to use Itd’s lemma (Eq. [S24]),
and expand up to second order in ¥ (t) (we have seen that the dynamics of the amplitude 7x(t) is independent of v¢, and thus
only carries first order terms):

40 )+ > F(t) cos k(¢ — Ui(t) [S65]

k=1

dri(e)

= *d?“o + Z (COSk ¢ — \IJk( ))dfk(t) + kfk(t) sin k((Z) — \I/k(t))d\l’k(t)
k=1 [S66]

k2 (1) cos k(¢ — \I/k(t))(d\llk(t))2>,

N =

This implies that, if we take the effect of stochastic processes into account, comparing the Fourier coefficients in amplitude-phase
form will not single out the dynamics of the amplitude d7y, because there are now two terms proportional to cos k(¢ — Uy(¢)).
Fortunately, the problem can be solved “backwards” using the analogy to coordinate transforms in Section C, thereby restricting
ourselves to the first Fourier mode (higher modes are analogous): First, we perform the Fourier transform of the dynamics in
Cartesian coordinates, i.e., with respect to cos(¢) and sin(¢). We then note that changing this into amplitude-phase form
is mathematically equivalent to a coordinate transform between the natural parameters of the von Mises distribution and
the p,k-parametrization. Next, we require that such a coordinate transform ought to result in the dynamics for p: and k; in

Eq. [S56] and [S57]. Using the analogy to Section C, we find that an additional decay term —31 ::J/rii r¢(¢)dt is needed in the
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network dynamics, which implements the It correction on the level of the natural parameters (cf. Eq. [S26]). Apart from this
additional decay, the conditions on the other network parameters remains unchanged.

This stochastic correction is not strictly needed to gain intuition about the theory, and if anything, the use of continuous-time
stochastic calculus seems to make things less intuitive. Practically, we used an additional decay term in Eq. [S58] whenever the
angular velocity observations were drawn from the true generative model and the time step d¢ was small enough to justify the
notion of “continuous time”, which was the case for all our simulations.
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4. Details on Drosophila-like network

Relying on large-scale connectomics data of the Drosophila HD system (10, 11), we now ask if a Bayesian ring attractor can be
implemented in a network that obeys biological network connectivity constraints. Here we show how the motifs of this network
— and, by extension, any biological ring attractor network — could potentially implement dynamic Bayesian inference.

A. Connectivity motifs in the Drosophila HD system connectome. The ring attractor in the Drosophila HD system is composed
of three core cell types, called EPG, PEN1 and A7 neurons (10-12), cf. Fig. 4A,B. HD is represented as a bump of neural
activity in the EPG population (13). These neurons are recurrently connected with excitatory PEN1 neurons. When the fly
turns, this differentially activates PEN1 neurons in the right and left brain hemispheres, and because PEN1 neurons have
asymmetric (shifted) projections back to EPG neurons, they can rotate the bump of EPG activity in accordance with the fly’s
rotation (14, 15). This motif effectively establishes the velocity-modulated odd recurrent connectivity required to initiate turns
in ring attractor networks (Fig. 4D). Moreover, EPG neurons are recurrently connected with inhibitory A7 neurons, which
establishes broad inhibition (Fig. 4E). Finally, EPG neurons receive inhibitory inputs from so-called ER neurons, which send
HD information to EPG neurons (16-18) (Fig. 4F). In summary, the fly’s HD system is equipped with the basic motifs to
implement a Bayesian ring attractor.

B. A multi-network model mimicking the Drosophila HD system connectome. The main idea of the idealized network in the
previous section was to tune the network parameters such that the circKF (or the quadratic approximation of the circKF) was
implemented in the coefficients of the first Fourier mode. Here, we will use the connectome of the fruit fly Drosophila (10) to
build a recurrent neural network, and show that the quadratic approximation of the circKF can be implemented in such an
architecture by determining the coefficients analogously. Thereby, we first approximate the connectivity matrices describing
this connectome (Fig. 4B) by analytically accessible functions, which nonetheless retain the main features of this connectivity
(as outlined, e.g., in (12)), and preserve the motifs that implement the ring-attractor in the Drosophila HD system (see review
in (19), cf. Fig. 4C). We in turn analytically determine the conditions for the coefficients of the connectivities between (rather
than within) the different network populations, such that the dynamics of the first Fourier components match that of the
quadratic approximation of the circKF.

Specifically, we consider five neuronal populations: an HD population, 77, which we designed to track HD estimate and
certainty with its bump parameter dynamics, two angular (AV' and AV ™) velocity populations, V" and AV which are
tuned to head direction and are differentially modulated by angular velocity input, an inhibitory (INH) population, rINH and
a population I°** that represents external input, that is, the HD observations. As before, the population activities r(¢) are
functions of preferred HDs, ¢, but we will drop the argument ¢ to keep the notation uncluttered.

We start with the following ansatz for a network dynamics:

1 + B
dr{’? = — ——r{'"P At + Wapenup *ri' P dt + Wypeav+ *15" +Wypeav- xri" dt
THD [S67]
+ (WHD<—INH * [TiiNH]Jr) orf P dt + IF™,
+ 1 +
drfw = (—TZLW + (OAV +0)Way+eup * Tg{D> de, [S68]
TAV+
- 1 -
iV =—— (—T?V + (OAV —v)Way—up * TtHD) dt, [S69]
TAV—
1
dr{ ™" =7 (_TfNH + WiNH«HD * [Tle}-% +WiNHeINg * TgNH) de. [S70]
INH

From the connectivity profile ((10), cf. Fig. 4B), we make the following ansatz for the connectivity functions (which results in
Fig. 4C):

Wapeup(Ad) =y 7 +ci 7 [cos Ag), [S71]
Wavscup(A0) = AV 1P5(Ag), [S72
Wb avs (Ag) = HPAVE [Sin (A¢ + g)] : S73]

+
_ NP INH<+HD
Winmenp(Ag) = ———— +a cos(Ag), [S74]
CéNHHINH INH«INH
WiNH<INH = — +c cos(Ag), [S75]
WHD<—INH (A¢) = CHD%INH(S(A(Zﬁ). [876]

In what follows, we will derive the conditions for the connection strengths in this ansatz that allow an implementation of the

quadratic approximation of the circKF in the dynamics of the first Fourier component. Thereby, we make the assumption
THD

that the leading order of the HD population activity r{’” is a cosine, i.e. 712 (¢) = OT(” + ke cos(¢p — pe) + R, and that

higher-order Fourier modes are negligible. We further assume that the time constants of the AV¥ and INH populations, Tay+

and 77N H, are much smaller than 7 p of the HD population, which allows us to assume that the activity in those populations

is stationary.
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B.1. AVE population. As described above, the integration of turning signals in the fruit fly is modulated through differential
activation of PEN1 neurons (our AV*E population) in the right and left brain hemispheres that asymmetrically project back
to EPG neurons (our HD population) (14, 15). This motif implements the effective asymmetric angular velocity-dependent
recurrent connectivity that is needed to rotate the activity in ring-attractor networks (20, 21). Thus, we will tune the
parameters in the HD—AV® —HD circuit such that the resulting effective odd recurrent connectivity contribution w$? (i.e.,
that proportional to sin(¢ — u¢) implements the turn in the activity profile due to angular velocity integration, cf. Eq. [S55]).

As a first step, we compute the activities in the AV populations. It is straightforward to check that, if the time constant
Tav < THD, the activity in the AV populations can be described by its stationary activity at every point in time:

+ + 1 [
i = (oav £ v)Ways pp i’ =M (0ay 2w~ / d's(¢ — ¢')r""(¢") st
- T

+
:CAV FHD(OAV:‘:’U)&)T,{_ID

Expanding the connectivity function from the HD to the AV¥ populations in a Fourier series yields:

+ . ™ HD« AV* 1 1
W, + =P L sin(Ag £+ — } =7 — —
HD+ AV ( ¢ 4) n - 2f 2\/5

allowing us to compute the effective recurrent contributions in the HD population that is mediated via this network motif:

cos(Ag) + sin(A¢)> +R, [S78]

+ + + 1 1 1
WHD<—Av+*TtAV _ JHDeavE av ‘—HD(OAV“'”f) / dd)( + ——cos(¢p— ¢') + Qﬂ

e sin(¢ — ¢') + R) i (¢)

+ + Kt .
= HAPEAVE AVECHD (b oy ( —|— — cos((b 1) + ﬁ sin(¢ — ,ut)) ,
[S79]
- + +
Wipeav—*ri = cMPEAVTAVTEHD (6,1 — 0y (6 — ) — s—=sin(¢ — ) |, [S80]
2\/5
and thus
+ -
Whpeav+ * itV tWhpeay- * iV
[S81]

1
AV cos(¢ — ) + Kevg—

v NG

HD+AVE AvE*«HD OAV HD
=c c 2—rg

sin(¢ — Mt)) :

cAvE avt
Thus, this motif implements an effective odd recurrent connectivity with w$?¢ = i \/%AV M vt. We require that the
effective odd recurrent connectivity is the same as in the Bayesian ring attractor, that is,
+ +
odd _ HD=AVE AVECHD Koo
w3 Vg = Vt, [S82]
V2 Ko + Ko
and thus the condition for the coefficients reads:
+ 2 K
HDAVE V2 v [S83]

T .
cAVE«HD K/d)“!‘l‘@v

Interestingly, due to the offset 041 we also obtain a recurrent contribution to the activity baseline 7¢(t), and a contribution
to the even first order recurrent connectivity,

even, AV HD+AVE AVvE« HDOAV
’ = C C _— 884
1 \/i [ }
L —; [S85]
T Rp e VT

We will return to this when computing the recurrent connectivities within the HD populations below.

B.2. INH population.. In our network, the recurrent interaction with the INH population implements the quadratic inhibition. In
the same way we tracked the effective odd recurrent through the AV¥ recurrent loop, we will here determine the effective
quadratic interaction strength w9%¢ as a function of the network parameters, and then tune it in order to implement the
quadratic approximation of the circKF.
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To determine the activity in the INH population, we first expand [rtH b ] N in its Fourier series:

|:T(I){D

2

[,

%

-
+

TgID¢C HD

2

To
2

Q

+ % sin ¢ + <:_t¢c + sin gbc) cos(¢p — ) + R

%

HD HD
oy Zy (”” +0 ) cos(p — pe) + R, [S86]
s 2 s

HD
with cutoff angle ¢. = arccos —Jﬁ ~ 5+ 7“20’% for k> r§ P /2. With the dynamics of the INH population in Egs. [S70],

and the connectivity functions in [S74] and [S75], we can write down the dynamics of the first two Fourier coefficients in the
INH population:

HD
2
Fina drdNE = (_TéNH " (7’02 n ﬂm> CINHHD +C(I)NH<—INHT6NH) dt, S87]
1 1
ronn drINE = (_T{NH n (5,% I ;T(J)LID) INHeHD _i_c{NHeINHT{NH) dt. 988

Assuming again that the dynamics in the INH population is much faster than in the HD population, 71yg < Tup, we can
write down the stationary activities of the activity profile in the INH population:

HD
7'0 2
PINH _ 5~ T 2Kt INH<HD 989]
0 T 1 _ (INH<INH 0 )
0
1 1, .HD
Skt + =T
INH 0 INH«HD
el =_2 T - [S90]

=7 ———¢ .
INH«<INH “1
l1—0c

Plugging this into Eq. [S67], we obtain the change in the amplitude of the first Fourier mode through the interaction with
the INH population:

INH
,
(Wepernm * [ri" 1]3) -0 = TP ( C— + 1" cos(d - /Lt)) -1 (9)

2
HD<+INH rg™ INH P
< 0 0
=c Kt + 711 cos(¢p — ) + R
2 2
INH«HD INH«HD INH+HD HD
_ CHD<—INH|: Co K24 Co I 1 To .
= ; —— Kt
7(1 — cANHEINT 1 — INHeINH ] _ INH<INH 4
INH«HD HD\2
&1 (ro 7)
+ cos(¢ — pt). 591
7(1 — INHINH) 9 ( ) [S91]

The first term on the right hand side has our desired quadratic interaction. It matches that of the quadratic approximation of
the circKF w9 = 1/(ky + ko), if the following condition is fulfilled:

1 — )

CHDINH _ 1 m(
K + Ky NHHD

[S92]

The other terms in Eq. [S91] are "nuisance" terms, which, if too large, may significantly interfere with the inference dynamics.
However, if r§'? is small compared to ¢, which we confirmed in simulations to be generally the case, the effect of the nuisance
terms is negligible. This can further be stabilized by choosing |ci VT =H#P| « |1 — IVHINH| TInterestingly, this implies that
certainty ¢ mainly governs the activity in the zero-th order of the INH activity (Eq. [S89]).

B.3. Recurrent excitation within HD population. In the same spirit as above, here we compute the effective even recurrent connectivity
of the network in order to match it with recurrent interaction wi"®" in the network implementation of the circKF. Starting

from the Fourier expansion of the recurrent connectivity,

HD HD
WHDHD = c(I){D + ftP [COS(A¢)]+ ~ cng + CI7T + Cl2 cos(A¢) + R, [S93]

we determine the change in activity due to the recurrent interaction within the HD population:

HD HD CiHD HD C{{D
Wupenp*ry = = |co + — |70 + 5 ke cos(p — pe) + R. [S94]
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Recall that the interaction with the AVE populations also induced an effective even recurrent connectivity (Eq. [S85]), such
that the overall even recurrent connectivity in the network is given by,

HD
even __ _ even, HD even, AV __ C1 Ry RS 1 S
wy = Wy + wy =—+———oav=—+——. [ 95}
2 K¢ + Ko T K¢+ Ko

This defines the following condition for the recurrent interaction within the HD population:

P — 9 (1 + 1 LR > . [S96]

T K¢ + Ko K¢ + Ko

The zero-order contribution in Eq. [S94] multiplying ci’? is significant, and exceeds the first-order interaction in magnitude,
which makes the network unstable. We thus require a negative constant recurrent connectivity to balance this zero-order
contribution, chosen such that this contributions in the dynamics of &P decays over time:

wp , ci”) L1
2( P+ 22— ) < =, (S97]
e T
and thus we arrive at our final condition:
HD 1 C{{D
g < — — [S98]
2T s

B.4. Summary of network connectivities. To summarize, we analytically determined that the following connectivity matrices in
the network dynamics in Eq. [S67]-[S70] implement the quadratic approximation of the circKF in the HD population. As a
reminder, these network dynamics are:

1 + =
drf{D =— 7_—7',{“7 dt + Wepeup *rf[Ddt—F WabDeav+ *’r’fw + Wb ay- *va dt
HD
+ (WHD<—INH * [T,{NH]+) org P dt + I,
+ 1 +
driV" = (—rf‘v + (oAV +ve)Wav+enp * rle) dt
Tav+
_ 1 -
driV =—— (—rtAV + (oAV —ve)Wav—cup * rf{D) dt
Tav—
1
dr{ ™M E— (=ri™™ + Winmenp * [r' P+ + Winmervm x i) dt.
INH

Recurrent excitation within HD population:

2 HD | HD HD _ ,HD
(WHD«HD);; = Norg (co +ci [cos ((bi — & )]+) ;
. HD 1 1 Ay (e up 1 cHP [S99]
with ¢/ 7" =2 ——+ — —0"" —— |, ¢g < — —
K¢ + Ko THD K¢ + Ko 2T s
Recurrent excitation between HD and AV+ and AV- populations:
+
(WAVZ*H—HD)»;J‘ = il <_HD5ija [SlOO]
2 + o
(WHDeAVi)ij = —CHD(_AV |:Sin (d)f{D — ¢34V sE z):| )
Nav+ 4/14
[S101]
. HD+AVE _ V2 Ky
with ¢ =

cAVE—HD Kg + Ko

Recurrent inhibition between HD and INH populations:
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_ 2 CéNHPHD INH<+HD INH HD

(WINH<—HD)ij = + c1 cos ((bl — ¢; ) , [S102]

NHD 2

INH

(WiNHCINH),;; = 2 o 4 M cos ((ZJ{NH = (be) ,
Y NiNH 2 [S103]
with C{NHHHD| << |1-— c{NH|

(WHDHINH)Z-J- = CHDHINH&-J-,

with ¢HDEINH _ _ 1 m(l - C(I)NH) [S104]
Ko + ko C(I)NHHHD

Activities of the EXT population were assumed to give rise to a bump-shaped inhibitory input opposite of the HD observation,
loosely related to how ring neurons mediate such input to the EPG neurons (17, 18). We thus modeled this bump-shaped
input to the HD population directly without explicitly representing a dynamics of the EXT population.

External input:

[T = —2k,dt [cos(d)fm — 2zt + w)] [S105]

n

The network dynamics still has a considerable number of degrees of freedom. That is, the baseline 0"

AV« HD INH«HD _INH+HD _INH _INH
» Co y C1 Co y C1

, network connectivity
strengths ¢ , , and time scales Tgp, Taov+, Tay— and Trnv g can essentially be chosen
freely. If the number of neurons N differs between populations, the J;;’s can be replaced by a normalized, Gaussian-shaped
kernel with a finite width. For our analytical results to hold, we require Tgp > T4v+,Tay—, Tina. We further constrained the
network by choosing cfVTHD > 0, IVHFEHD < 0 and |c[NTEHEP| > |IVFCHP| | which leads to the broad excitatory input

into the INH population, and the formation of an ‘antibump’, similarly to the one observed in A7 neurons (12).

C. Drosophila-like network simulations and HD tracking performance. To demonstrate that the multi-population network can
indeed implement the quadratic approximation to the circKF, we measured its HD tracking performance and compared it to
the circKF and the Bayesian ring attractor.

We used the following parameters in the associated network simulations (Fig. 4G,H): k, = 5, T' = 20, At = 0.001, results are

averages over P = 5000 simulations. Network architecture followed the full network in Egs. [S67]-[S70], with baseline 0" =0
D _ . (AV*«HD _ 4

time scales Tap = 0.1, Toy+ = T4y- = 0.01, 7rxyr = 0.001, connection strengths céID =02, R
ANHHD — 5 JINHEHD — _o5 INH = 0.1, ¢IN? = 0. Further, in the discretized dynamics we chose Nyp = 100,
Nyy+ =50, Ngy— =50, Nyvg = 100, and Ngxr = 100.

As shown in Fig. 4G,H, the network simulations confirmed that this network indeed achieves a HD tracking performance
indistinguishable to that of our idealized Bayesian ring attractor network. Thus, even when we add the constraints dictated
by the actual connectivity patterns of neural networks in the brain, the resulting network is still able to implement dynamic
Bayesian inference.
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5. The impact of neural noise on inference dynamics

So far we have assumed the the only sources of noise were noisy inputs from angular velocity and HD observations. Here we
ask how the inference dynamics are impacted if the neurons that constitute the ring attractor are also noisy. We will do so in
three steps. First, we will make a qualitative observation of how such neural noise is expected to impact the dynamics of u
and k¢. Second, we will derive expressions for the impact of such noise on p; and x; for different noise models. Third, we will
ask how we can ensure that neural noise has a minimal impact on the performed inference. For all steps we return to our
single-population ring attractor whose dynamics are described by Eq. [S49], and assume that neural noise impacts the activity
of neuron j by

d’l“t,j =h (rt,j) th,j7 [8106}

where h(-) is a function of neural activity, and the dW% ;’s are Brownian motion processes that are uncorrelated across neurons.
Different noise models correspond to different assumptions about the form of h(-). As for large population sizes N, individual
neural noise can be averaged out and will have limited impact (22). Therefore, we assume N to be sufficiently small for neural
noise to matter, but to be sufficiently large such that we can well-approximate various sums by their integral limit.

A. The qualitative impact of neural noise on inference dynamics. With neural noise, the population dynamics equation Eq. [S49]
becomes

dre(¢) = -+ + IF" () + me(9), [S107]
where I77*(¢) is our model’s (stochastic) external input, and the newly added 7:(4) captures the activity perturbations induced
by neural noise. This shows that we can interpret neural noise as yet another stochastic input to the network. This implies
that this noise impacts the dynamics for 7, and x; (previously Egs. [S56] & [S57]) through

dpe = -+ L () sin (D1 (t) — ) + 7 () sin (€1 (£) — ), [S108]
dke = -+ 4 I1(¢) cos (P1(t) — pe) + n1(¢) cos (€1 () — pe) s [S109]

where I (t) and ®1(t) are amplitude and phase of the first Fourier component of I7**(¢), and n1(t) and &;(t) are the analogous
quantities for the neural noise 7:(¢). As this noise is uniform on the circle, its phase is also uniform on the circle, and its
amplitude is roughly constant (for some fixed N). This implies that both 7 (¢) sin (&1 (t) — p¢) and 71 cos (€1(t) — p¢) will have
the same variance. Crucially, the HD estimate p; is by Eq. [S56] formed by integrating all of its terms, such that the added
noise term results in a diffusion of this estimate (22). The certainty ¢, in contrast, by Eq. [S57] performs a leaky integration of
its term, such that it low-pass filters the noise — it somewhat perturbs x;, but its contribution will be bounded.

B. How neural noise quantitatively impacts the dynamics of ;i and .. To get a better quantitative understanding of the impact
of neural noise, we here derive expressions for its impact on u: and k; for different noise models. First, we will assess the
impact of the generic noise model, Eq. [S106] on the posterior parameters, x; and 2, in their Cartesian form. Second, we
will translate this impact to polar coordinates, p and k. Third, we will consider three different noise models to see how those
impact the dynamics of u and . To simplify notation we assume some fixed time ¢, and leave the -, subscript implicit.

B.1. The impact of neural noise on x1 and z>. For finite N, x; and x2 are computed as

N N
2 2 )
=~ E cos (¢;) 1, @2 = g sin (¢;) 75, [S110]
=1 =1

where ¢; is the preferred HD of neuron j, and where the 2/N pre-factor ensures appropriate normalization. The generic neural
noise model, Eq. [S106], thus leads to

N N
dzy = Z s(65) h(ry)dWy,  das = NZ (&5) b (r;) AW, [S111]
independent of the current population activity » (except through h(r;)). It can be shown that (dz;) = 0 for ¢ € {1,2}, and that
4 2" h? cT'diag (h2) s
cov(dx) = — dt, S112
(dz) N2 (chiag (h2) s 2" h? [ }

where we have defined the N-element vectors ¢, s, and h with elements ¢; = cos (¢;), s; = sin (¢;), and h; = h (r;), where the
-2’5 are element-wise, and where diag (h2) denotes a diagonal matrix with diagonal k2. Thus, the noise-induced evolution of =
is described by the two-dimensional process

de = GdAW, [S113]

with G given by

G= [S114]

2 h? 0
NVe2Th2 (chiag (h2) s \/.(,*QThQCQTh2 — (cTdiag (h?) 8)2) ’
such that cov (dz) = GG7dt. Overall, this shows that neural noise will not cause a drift of & but will introduce (potentially)
correlated noise in both z1 and z».
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B.2. The impact of neural noise on 1 and . To translate the impact of neural noise from natural parameters x to parameters (u, ),
let us consider p and & in turn.

The impact of noise on . We have pu = atan2(z2,z1), whose gradient and Hessian with respect to  are

1 _ 1 2,2
Vo= & ( “’) CoHa- L ( Znizs, a3 I) | s115)

2 2
K2 \ x1 x5 —x] —2T1%2

where we have used k = \/z? + 2. Applying It6’s Lemma to this mapping results in

= %Tr (G" HoptG) dt + (Vap)” GAW
4 T T .
= e (<c2 h?—§? h2> T122 + chlag (h2) s (x% — x%)) de [S116]

2
+ e —
K2NVe2Th2

containing both a drift (second-to-last line) and a diffusion term (last line).

((chiag (h2) ST1 — cZTh2x2> dwi + \/S2Th202Th2 — (cTdiag (h?) s)2w1dWQ> ,

The impact of noise on . We have k = /2% 4+ 22 whose gradient and Hessian with respect to x are

1 1 2 -
Vek =~ <I> . Hpn=— ( S “) : [S117)
K \ T2 K —X1T2 Ty

Applying It6’s Lemma to this mapping results in

dr = ST (G7 HanG) dt + (Vo) " GAW

2 T . T
= Ry (32 thf — QCleag (h2) sr1x2 + c? h2x§> dt [8118]

2
_|_ - @@
KNV 2T h?

again containing both a drift and a diffusion term.

((CQTh2$1 + " diag (h2) swz) dWh + \/szTh2c2Th2 — (cTdiag (h?) s)ngdW2> ,

B.3. Neural noise models. To get a better understanding of the resulting p and x dynamics, we will now consider different noise
models. In particular, we will consider additive, Poisson-like multiplicative, and Weber-like multiplicative noise. The difference
between Poisson-like and Weber-like multiplicative noise is that, for Poisson-like noise, the noise variance scales with neural
activity, whereas, for Weber-like noise, it is the noise standard deviation that scales with neural activity. While we make
no assumptions about the shape of population activity for the additive noise case, we will assume sinusoidal activity for
multiplicative noise

r; & Keos (i — ¢;) + b= kcos(p) cos (¢p;) + ksin(u) sin (¢;) + b = z1¢; + z25; + b, [S119]

where b denotes the baseline activity. This assumption is required to find analytical results, and is warranted by noting that
our single-population networks were designed to filter out higher-order Fourier components, such that their contribution should
be minimal.

Additive noise.  For additive neural noise we assume h(r;) = hj = onn, independent of neural activity. This leads to

2T

Th?=5""h? = S0y el diag () s =0, [S120]

where we have taken the large-N integral limit for the involved sums. Substituting these expressions into Egs. [S116] & [S118]
results in

\/ionn
— K/Z\/N (—IL‘QdW1 + iL‘1dW2) ; [8121]

2
dr = Zmmqe 4 V20
kN m/ﬁ

du

(xldW1 =+ $2dW2) s [8122]

with moments

2
o
() =0, (dr) = Zay, [$123]
20’2,” 20—277,
var (dp) = =N dt, var (dk) = N dt, [S124]
cov (du,dk) = 0. [S125]

This shows that additive neural noise causes p to only diffuse without introducing additional drift, and & to both drift and
diffuse. The drift of k is obvious in hindsight, as it corresponds to the on average increasing radius of a two-dimensional random
walk.
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Poisson-like multiplicative noise. ~ For Poisson-like multiplicative noise we assume h(r;) = h; = a,/r; such that, by Eq. [S106],
the noise variance, var (dr;) = a2rjdt is linear in the neuron’s activity r;. Assuming population activity to be described by
Eq. [S119] results in

2T, 2 2T, 2
¢ h"=s"h"=

2
2 é\”’, " diag (h?) s = 0. [S126]

where we have again taken the large-N integral limit for the involved sums. Substituting these expressions into Eqs. [S116] &
[S118] results in

V2ba

d,u = K2\/7 (—JJgdW1 =+ $1dW2) s [8127}
V2ba
— 12
dx = ﬂth—l— K\/N (331dW1 —|—£C’2dW2), [S 8}
with moments
a?b

(du) =0, (dr) = K—th, [S129]

2a2b 2a2b
var (dp) = = th, var (dx) = ~ dt, [S130]
cov (du,dk) = 0. [S131]

The moments are the same as for the additive noise model with a baseline activity-dependent noise variance o2,, = ab.

Weber-like multiplicative noise.  For Weber-like multiplicative noise we assume h(r;) = h; = ar; such that, by Eq. [S106], the

noise standard deviation, /var (dr;) = ar;V/dt is linear in the neuron’s activity r;. Assuming again that population activity is
described by Eq. [S119] results in

2

X1X2.
[S132]

T No? /1 1 T Na? /1 1 .
2 h? = 5 (Z(xf—x§)+§n2+b2>, 2R = 5 (Z(azg—x%)ﬂ-img—i—lf), chlag(h2)s:

Substituting these expressions into Eqgs. [S116] & [S118] results in

2004/ L K2 + b2 1 /
w= f 4 —/ =K2 + b2xdWy + §I£2 + b2x1dWsy [8133}
52\/]\7\/% (x%fx§)+%ﬁ2+b2 4 4

2 + b2
dr = 2 (1,{2 + b2) dt + WE: A2 DR dW ,/ K2 + b2zed W, | . [S134]
kN 4 /{\/7\/ %) + /{2 +b2

with moments

2
(dp) = 0, (dr) = 2 (irf + b2) dt, [S135]

2 2
var (dp) = jzaN (1 4 b2> dt, var (dk) = 2% (an + 62) dt, [S136]
cov (du,dk) = 0. [S137]

In summary, neither noise model results in a drift in w, but all cause its diffusion with a diffusion variance that depends
on the chosen noise model. As this diffusion holds irrespective of whether the system is at its attractor states, these results
generalizes previous results for diffusion close to the attractor state (22). Furthermore, all noise models result in a positive
drift in k away from the origin, as well as a noise model-dependent diffusion variance. In all cases, both drift and diffusion
magnitude for both p and x drop with N, and so become negligible once the population becomes significantly large, again
generalizing the results in (22) to dynamics away from the attractor state.

C. Compensating for noisy neurons when performing inference. As we have seen, neural noise affects both the dynamics of
w and k. For all noise models, it adds a zero-mean diffusion to u, and a positive drift and diffusion to k. The additional
perturbations are all of order 1/N and so become negligible once the neural population becomes sufficiently large. For small
population sizes, however, it might introduce perturbations that significantly impact inference accuracy in the network filter,
or, in other words, to significantly deviate from the circular Kalman filter. Here we discuss how to qualitatively counter-act
these perturbations to keep their impact to a minimum.

Let us first focus on . Without neural noise, the circular Kalman filter already assumes p a-priori to follow a zero-mean
diffusion on the circle, Eq. [S3], and additional diffusion due to noisy angular velocity observations, Eq. [S1]. Both reduce
certainty in the HD estimate, which the filter accounts for by a drop in , as implemented by a leak term in Eq. [S20]. The
additional zero-mean diffusion introduced by neural noise further reduces the HD estimate’s certainty and thus needs to be
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accounted for by an additional leak of k whose strength depends on the noise model. Thus, the impact of neural noise on u can
be adequately accounted for by an additional leak of k.

The impact of neural noise on x requires a similar counter-measure. Without neural noise, the leak in the dynamics of k,
Eq. [S20], results in a leaky accumulation of all remaining terms. This also applies to diffusion introduced by neural noise:
it will be integrated with leak, resulting its impact to be bounded. The stronger the leak, the weaker its impact. The drift
introduced by neural noise has a different effect: if not accounted for, it would cause the inference of x to be biased. In
particular, as the drift is positive for all noise models, it would result in an overestimation of x and so in overconfidence of the
network filter. Fortunately, we can account for this drift with an additional leak term of the same size as the drift. Thus, the
impact of neural noise on x results in bounded additional diffusion of k, and a drift that can be accounted for by an additional
leak of k.

To summarize, neural noise results in an additional, unavoidable diffusion of u, and a drift and diffusion of k, both of which
can be accounted for by an additional leak of x. The exact expression for the required leak depends on the chosen noise model,
and for neither model precisely matches our Bayesian ring attractor’s exact architecture and parametrization. Therefore,
we used numerical optimization to find the parameters that maximize HD tracking performance rather than relying on the
above analytical expressions. As we show in the main text and Fig. S4, in light of neural noise, such a network with re-tuned
parameters outperforms one that is only optimally tuned for the noise-free case, as expected from the above analysis.
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6. Supplementary Figures
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Fig. S1. Encoding the HD with linear probabilistic population codes. a) Tuning curves with respect to encoded HD estimate for small values of encoded certainty «
are cosine-shaped. Here, we show tuning curves of 8 example neurons with x; = 1 (colors indicate preferred HD ¢;). b) Tuning curves with respect to HD estimate for
large values of encoded certainty x+ are von-Mises shaped (same 8 example neurons as in a, but for k; = 10). ¢) Von Mises probability densities for different values of
encoded certainty «+ and fixed mean i1+ = Z.. Note that the density sharpens around the mean with increasing certainty. Inset shows vector representation of a von Mises
distribution with mean p; = %, and, respectively, x; = 10 and x; = 1. d) Population activity profile (average neural firing rate conditioned on HD estimate 1, and certainty
) encoding the von Mises densities with mean p; = % and certainty x+ = 1. Neurons are sorted by preferred HD ¢;. Colored dots correspond to activity of neurons with
tuning curves as in a). The phasor representation of the neural activity (inset) matches the vector representation of the encoded von Mises distribution in c. e) Population
activity profile encoding the von Mises densities with mean pu: = 4 and certainty x: = 10. f) Left: The amplitude (Max-Min) of the activity profile scales (approximately)
linearly with certainty «., except for very small values of x+. Right: The population activity bump’s width (full width at half maximum, FWHM) is mostly unaffected by uncertainty
K¢, and saturates at a finite value for large «+, unlike the von Mises distribution it encodes (e.g., b), whose FWHM approaches zero for large values of x+. g-j) The Fourier
component amplitudes of the population activity profile are mostly linear in encoded certainty ., indicating that (i) the whole profile is scaled by ~, and that (ii) only focusing
on the first Fourier component in our analysis is justified. For the tuning curves, we used £ = 1 without loss of generality.
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Fig. S2. Network inference performance is mostly independent of the number of neurons N in the Bayesian ring attractor network. Here, for each value of the
observation reliability <. and number of neurons in the network N we compute the circular average distance of the network’s HD estimate 7 from the true HD ¢ at the end
of a simulation of length 7" = 20 from P = 10’000 simulated trajectories. The blue line (hidden below other lines) shows the performance of the quadratic approximation to
the circular Kalman filter that the networks aim to implement. The network parameters of the single-population network in Eq. [S49] were those of the Bayesian ring attractor,

f even __ 1 1 odd __ K quad __ 1 0 i . — — —
ie.wy =+ + Epe wy - = %i’w v¢, and w' = TR Other simulation parameters were: k4 = 1, K, = 1, and At = 0.01.
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Fig. S3. The weight with which a single observation contributes to the HD estimate varies with informativeness of both the HD observations and the current HD
estimate. Same plot as main text Fig. 4, only on a log-log scale. Here, we additionally plot the resulting updates for the circKF, to demonstrate that the Bayesian ring attractor
(blue curve) only deviates from the circKF (yellow curve) for very uninformative observations.
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Fig. S4. Neural noise changes the optimal fixed point amplitude and decay speed. We simulated a network of N’ = 64 neurons with different levels of additive Gaussian noise
with variance afmét to each neuron within each time step 4t, for different fixed point amplitudes ™ and decay speeds 3. As in main text Fig. 3D, the performance of each
network was assessed by its average inference accuracy over different HD observation information rates, weighted by a prior over these information rates (see Methods for
simulation details and parameters). Each panel shows this performance, relative to the best performance of a noise-free network, for a grid over values of * and 3. As can be
seen, the optimal ™ and 3 that maximizes relative performance changes with o,,,, (purple dot), and differs from the best <™ and 3 for the noise-free network (light blue dot).
In particular, larger noise requires re-tuning the network to use a larger ™ and 3.
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Fig. S5. Visualizing the HD tracking perfomance measure. To provide a better intuition for the used HD tracking performance measure we here show how a specific
distribution of HD tracking errors (horizontal axis, in degrees) relates to this performance measure. In particular, we drew 10000 samples from a von Mises distribution
pur — ¢ ~ VM(0, k), where each drawn sample simulates one single deviation of the estimated HD (i.e., the mean of the filter posterior, x.1) from the actual, true HD, ¢ 7.
The different panels show the histogram of simulated errors for different ’s (see panel headings). Our filtering performance measure, that is, the absolute value of the first
circular average of the samples, can be computed for the von Mises distribution via |[m1 | = f;é:; (23). We confirmed numerically that this analytical expression matches
the circular average empirically determined from these simulated errors. Simulating HD tracking errors by draws from a von Mises distribution was here only performed for
convenience. The HD tracking errors arising in simulations of the filtering algorithms do not necessarily follow such a distribution.
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