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Summary

We propose a multiple imputation estimator for parameter estimation in a quantile regression
model when some covariates are missing at random. The estimation procedure fully utilizes the
entire dataset to achieve increased efficiency, and the resulting coefficient estimators are root-n
consistent and asymptotically normal. To protect against possible model misspecification, we
further propose a shrinkage estimator, which automatically adjusts for possible bias. The finite
sample performance of our estimator is investigated in a simulation study. Finally, we apply our
methodology to part of the Eating at American’s Table Study data, investigating the association
between two measures of dietary intake.

Keywords
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1. Introduction

In many regression-type applications, some observations are missing. Ignoring the missing
data will undermine study efficiency, and sometimes introduce substantial bias. There is a
large literature dealing with missing data; see Little & Rubin (1987) for an early and still
fundamental treatment. Quantile regression (Koenker & Bassett, 1978) has been an
increasingly important modelling tool, due to its flexibility in exploring how covariates
affect the distribution of the response. However, combining quantile regression with missing
data is not a well-developed topic. In this paper, we consider a linear quantile regression
model, where for © € (0, 1),
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stronger and weaker covariate correlations. Also included are the quantile-quantile plots for the transformed covariates in the data
analysis.



1duosnue Joyiny vd-HIN 1duosnue Joyiny vd-HIN

1duosnuely Joyny vd-HIN

Wei et al.

Page 2

Q‘r (y):xT/Bl,T"_ZTﬁZT -

Here (X, 2) are both covariate vectors, but x may be missing, while zis always observed. We
assume that z contains the constant 1, so the intercept term is not written out separately. We
use n for the total sample size, and assume that nq of these n observations are complete,
while the remaining ny of them have x missing. Thus, observations can be summarized as
{(yi, %, z) :1=1, ..., n;}and {(y;, , ) :j =m + 1, ..., n}. To avoid trivial situations, we
assume 0 < limp_, o, Np/Ny = A < co. We make a missing at random assumption that
conditional on z, missingness and x are independent. The main interest of this paper is in

estimating the regression parameter ,BT:(,BET, ﬁgT)T given the assumed missing data
mechanism. This research is motivated by the Eating at American’s Table Study (Subar et
al., 2001), an important study in nutritional epidemiology. In § 5, we describe how this study
fits our model framework.

It is not difficult to see that since missingness depends only upon the observed covariates z,
using the complete data only yields a consistent estimate of 3. However, since a part of the
data is completely excluded from the analysis, this practice can be highly inefficient. The
main goal of this paper is to propose a multiple imputation method to include the incomplete
data, so as to improve estimation efficiency. Since additional assumptions on (X, 2) are
needed to facilitate the imputation procedure, the method risks being inconsistent and we
propose a shrinkage estimator to attenuate this risk. The final estimator has an automatic
data-driven shrinkage parameter, which guarantees that the resulting estimator is consistent
regardless of the correctness of the additional assumptions, and at the same time is more
efficient than using the complete data only.

Most existing methods handling missing data are likelihood-based, and hence cannot be
applied to quantile regression directly, since there is no likelihood function for quantile
regression. Lipsitz et al. (1997) considered an inverse probability approach for longitudinal
data with drop-outs. For the same type of data, Yi & He (2009) extended the inverse
probability weighted generalized estimating equations proposed by Robins et al. (1995) to
correct for the bias from longitudinal drop-out. Our setting is different from those methods,
since we are dealing with missing covariates, rather than missing outcomes.

Throughout the paper, we write Q. (y) as the tth quantile of a random variable y. We write
B(t) as the quantile coefficient process for t € (0, 1), and B as the quantile coefficient
specifically at the tth quantile. In addition, we use ||x|| to mean Euclidean norm, and write ¢’
(x) as the first derivative of an arbitrary function g(x). If x and y are two random variables,
then Exy){a(x, ¥)} stands for the expectation of g(x, y) over the joint distribution of (x, y).

2. Estimation with multiple imputation

2:1. Method

In this section, we propose a multiple imputation estimator of the quantile coefficient

5r=(51T,T, ﬁgT)T in the linear quantile model (1). The method has the following steps.
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Sep 1. Perform quantile regression with the complete data only. Run a quantile regression
using the complete data only and write the resulting coefficients as .. That is, for a set of ©

values in (0, 1), obtain 3,=arg mingzzlpr{yi — (z,21)B}, where p, () =r {1 -1 (r <
0)} is an asymmetric Lq loss function. In practice, < is typically chosen to be evenly spread
and sufficiently dense grid points on (0, 1).

Sep 2. Impute the missing x based on f (x| y, Z). The main challenge is to estimate the
conditional density of f (x| y, 2). The density f (X |y, 2) o< f (Y| X, 2 f (X]| 2), so it can be
determined uniquely from the two densities f (y | X, 2) and f (x| 2).

Sep 2a: Estimate the conditional density f (y | X, 2). Under the assumption that the linear
quantile model (1) holds for all quantile levels <, we can write the conditional density f (y | X,
2) as a function of the quantile coefficient process, that is, f {y | X, z Po(t)} = F/{y| % z
Bo(t)}, where F{y | x, z, Bo(t)} = inf {t € (0, 1) : (X7, zZ")Bo(t) > y} and Bo() is the true
quantile coefficient process. We write the conditional density f (y | X, 2) as f{y| X, z Po(t)}
to indicate its dependence on the quantile coefficient function By().

Although the unknown coefficient function Bg(<) is of infinite dimension, it can be well-
approximated by a natural linear spline expanding from a series of estimated B;k at a fine
grid of quantile levels (ty). Specifically, we choose quantile levels t = k/(K, + 1) (k=1, ...,

Kn), where Kp, is the number of quantile levels. We then define B(T) as a p-dimensional
piecewise linear function on [0,1], which satisfies B(‘ck) sz and B’ 0) = B’ (1) = 0. Under
the conditions in Wei & Carroll (2009), B(r) converges uniformly to the true quantile
coefficient process in probability. The quantile function is the inverse distribution function,
so the density function can be expressed as the reciprocal of the first derivative of the
quantile function at the corresponding quantile level. Consequently, we can approximate the
conditional density function by

Kn

f{y‘:p 5 /6 } Z IT ZT) Tk+1 — Tk _ I{(.TT,ZT)BTIC < y<(:rTaZT)/érk+l}'

ﬂTk+1 - (IT72T)ﬂTk

Here f{y| % z B(r)} is the previously defined density function that is induced from the
estimated conditional quantile function (x", z") B().

Sep 2b: Estimate the conditional density f (x| 2). The remaining problem is to estimate f (x|
2). We model x given z parametrically as f (x| z, ). The missing-at-random assumption
facilitates the estimation of 1 based on the complete data. We write the estimate as n,A and
the estimated conditional density of x given zas f (x| z, nf.

Sep 2c: Estimate the conditional density f (x| y, 2) and impute the missing x accordingly.
The estimated conditional density function is f (x [ Vi, Zj)Aoc f{ij I% 2, B(r)} f(x| z, nf. For
eachj=ny +1, ..., n, we simulate the missing x; from f(x | y;, ) by randomly drawing a
Un(0,1) random varlable and msertlng it into the quantile function F‘l(u |y, ), foru € (0,
1) that is derived from the estimated f(x |yj» 7). Let ug be the ¢th generated Un(0,1) random
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variable. We then define xj( = F~Y(u¢| j, ), the ¢th imputed x associated with (y;, z).
Consequently, Xji ~ f(x| j, 7).

Sep 3. Re-estimate 3 including the imputed data. We assemble a new objective function
including the completely observed data and the ¢th imputed dataset as

i=1

j=ni1+1

and define B;(g) = argming Sy)(B) as the estimated coefficient using the ¢th assembled
complete data. We repeat this imputation-estimation step mtimes, and the multiple

. . . .5 -1\ 4
imputation estimator is 5,=m Ze:y@*@)-

2.2. Large-sample properties of the multiple imputation estimator

In this section, we establish the consistency and asymptotic normality of the multiple
imputation estimator .. Let 8 = 0 when x is missing and 8 =1 otherwise.We first reiterate
the assumption on the missingness mechanism.

Assumption 1. For all z pr(§ =1 | x,y, 2 = pr(6 =1 | 2) > 0.

Assumption 1 ensures that, conditioning on z, the event that x is missing is independent of x
and the response y. We then introduce two identifiability conditions.

Assumption 2. There exists a pg - € RP such that B . uniquely minimizes the objective
function S(B) = Egyx e« {y = (X, Z")B}.

Define SOEB) = Ery, x3)lp< {y —A(XT”, z")B}], where, given (y, 2), x follows the conditional
distribution f (x| y, 2). Since f is estimated from completely observed data, this expectation is
also conditional on the n; completely observed data. We then make the following
assumptions.

Assumption 3. There exists a compact set € RP, and 5* < (, such that
Br=arg minﬂgo(,ﬁ’).

Assumption 4. The covariate x has bounded support 2. The true conditional density f (x| 2)
=f (x| z n =ng), where f (x| z, 1) is a continuous function of n uniformly for (x, 2) ina
neighbourhood of 1g and is bounded away from zero and infinity for all (x, 2).

Recall that for any x and z, (x", z")Bo(v) defines the conditional quantile function of y given

xand z We further define a functional a(r;z, 2)=1/{z", 2T)8,()}, which is the density of
y given x and z at the tth quantile. We call this the conditional quantile density function. Its
reciprocal is known as the sparsity function (Welsh, 1988; Koenker & Xiao, 2004). With
these definitions, we now introduce the smoothness conditions on Bg(t).

Assumption 5. The true coefficient functions Bg(t) are smooth functions on (0, 1), and for
any x € 2 and z,

Biometrika. Author manuscript; available in PMC 2014 June 16.



1duosnue Joyiny vd-HIN 1duosnue Joyiny vd-HIN

1duosnuely Joyny vd-HIN

Wei et al.

Page 5

i. 0<h(t; % 2 <oo,and lim,_qh(t; X, 2 =lim.,1 h(t; X, 2 =0;

ii. there exist constants M and vq, v, > —1 such that the first derivative of h(-) satisfies

sgp\h/(ﬂ';x, 2)| <M (1 — 7). @

Assumption 5 is similar to Assumption 3 in Wei & Carroll (2009). Assumption 5(i) implies
that the conditional density f (y | X, 2) is continuous, bounded away from zero and infinity
and diminishes to zero as v converges to 0 and 1, while Assumption 5(ii) is on the tail
behaviour of f (y| X, 2), since I (t; X, Z) determines how smoothly the density function
diminishes as the quantile level converges to 0 or 1. Smaller v; and v indicate heavier tails
of the conditional distribution of y given x and z. Assumption 5(ii) covers a wide range of
distributions, such as the exponential, Gaussian and the Student t-distributions.Assumption
5, together with Assumptions 2 and 4, ensures the uniform convergence of B(x) over the
intervals [1/(k, + 1), kn/(Ky + 1)], which in turn ensures consistent estimation of f (y | x, 2).

Assurmption 6. The matrix v, =(9/9- ) El - {y: — (a], 21 )fo.-} (=
definite, where ¢ (r) =t -1 {r <0}.

T,z ], is positive
In addition, we also make the definitions

T

)"l
: N - T
VOZT}LH(;OV&I‘WT{% - (xj(Z)VZj )/30,7}@;:(@)72’}) B

‘/lzvar[@‘r{yi —\Z; ? Z; )ﬁo ‘r}

UO:nan;lOCOV[WT{yj ( () J)IGOT}( j(€) ;T) 7997'{yj ( ey J)IBOT}( Z’)> ])T]'

With these assumptions and notation, we now present the asymptotic behaviour of B; Recall
that 0 < limp_, o Ng/Ng =X < 0.

Theorem 1. Under Assumptions 1-6, for Kn— oo and K,n™t — 0, the multiple imputation

estimator n/2(3, — Bo..) — N(0,4; Syt indistribution, where X = (L + 1)1 vy + (1 +
1) Vg + {(m - 1)/m}Ug].

The proof of Theorem 1 is provided in Appendix A1, while estimates of . and X are
provided in Appendix A2.

Remark 1. Throughout, we use the phrase complete-data analysis to mean an analysis based
only on the completely observed data. The asymptotic variance of the estimator using the

completely observed data only is ., '~ 1174~ 1. Comparing with the estimation variance

n~ 113yt of the imputed estimator, we see two sources of difference. First, the multiple
imputation estimator has an effective sample size n, larger than that for the complete-data
analysis, which helps to improve its efficiency. Second, the multiple imputation estimator
has additional sources of variability, including the sampling variability from multiple
imputation, the inherited variability from using the complete-data estimated parameters and
their correlations. Hence, the multiple imputation estimators might be less efficient than the

Biometrika. Author manuscript; available in PMC 2014 June 16.
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complete-data estimator. Such phenomena are common for multiple imputation estimators;
see Tsiatis (2006, Ch. 14). In practice, one could assess the variabilities of both estimators to
decide which to use; see Appendix A2.

3. Shrinkage estimation

The estimator B; using the complete data only is consistent, but has a potential loss of
efficiency. The multiple imputation estimator B; is generally more efficient, as will be
demonstrated via simulations in § 4. However, imputation may cause bias when the
parametric likelihood for x given z is misspecified. There are many ways to balance the two
estimators, including test-pretest estimation after testing for the parametric model, but a
simple and general strategy that we adopt is a shrinkage estimator, as follows. Let 6;= B;—
B; be the componentwise differences of the multiple imputation and complete-data
estimators, respectively, with elements (61}, OFA,,I)T. Let V be the covariance matrix of 6;
with diagonal elements (v13, ..., vpp). Then Chen et al. (2009) suggest the estimator

A=p +K(B, - 5,), ®

where K is a diagonal matrix with jth diagonal element=v;;/(v;; +0A§7T). Recall that the
asymptotic variances vj; (j = 1, ..., p) are quantities of order n~1. The idea behind this

method is that if there is no bias, then é?’T:Op(n‘l) and the shrinkage factor K is between 0
and I, so that the multiple imputation estimator and the complete-data estimator both receive

weight, although emphasis is on the former. Conversely, if there is a bias, then éiT:O(l),
and the elements of K — 0, so that the complete-data estimator asymptotically has weight 1.

Details of implementing the shrinkage estimator are given in Appendix A2. In Appendix Al,
we show that the complete-data estimator and the multiple imputation estimator have linear
expansions, based on which we outline in Appendix A2 estimation of the joint covariance
matrix of (B; B;). The results enable us to estimate V easily and also mean that the formulae

in Chen et al. (2009) are applicable, so that we can construct an estimator of cov((,é(f))). The
general theory for such shrinkage estimators is given by Chen et al. (2009), although
constructing the estimate of X is nontrivial because of our context.

4. Simulations

Here we investigate the performance of our multiple imputation estimator B; and shrinkage

estimator ﬁ(f) based on Monte-Carlo simulations. We first consider two models.

yi=ltzit+ziten, (@)

yi=14x;+2,+(0 - 52,40 - 52;)e;1,  (5)

where the errors g, and g are independent and standard normal, and the covariates (X;, z)
are jointly normal with mean vector (4, 4)T, variances (1, 1)T and correlation 0-5. In model

Biometrika. Author manuscript; available in PMC 2014 June 16.
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(4), the true intercept at the © th quantile is 1+Q; (2), where zis a random variable with a
standard normal distribution, and both coefficients associated with x; and z equal 1 at every
quantile. In model (5), the true intercept equals 1 at every quantile level, but the two slope
coefficients vary across the quantiles, both equal to 1 + 0-5Q; (2) at quantile level t. In both
models, we further assume that x; is missing with probability pr(X; is missing | z) = max[0,
{(z - 3)/10}¥/20], which results in approximately 25% missing x;s. We then apply the
multiple imputation estimation and shrinkage estimation procedures to the simulated data
from the two models above. In both settings, the density f (x| 2) is estimated by maximum
likelihood estimation correctly assuming a joint normal distribution. When the covariates x
and z are negative, there is an identifiability issue in model (5) since the distribution of g is
symmetric around 0. To avoid this trivial situation, we only kept the pairs (X, 2) satisfying x
+z> 0 in model (5). Because the probability of x + z< 0 is very small, the resulting true
joint probability density function of (x; 2) is very close to the joint normal distribution which
we used in the imputation procedure. We choose m=10 in the multiple imputation
estimation algorithm. The sample size was n = ng + n; = 200. The shrinkage factor is
estimated following Appendix A2.

Table 1 displays the means and the standard errors of the estimated quantile coefficients in
models (4) and (5) from 500 simulations at T = 0-1, 0-5 and 0-9, using the three estimation
approaches. The upper half of Table 1 displays the coefficients from model (4), while the
bottom half shows those from model (5). All three methods are nearly unbiased. However,
as expected from the theory, the variances of the multiple imputation estimators are smaller
than the complete-data estimators, especially in the coefficient associated with z. Such
efficiency improvement is more evident for the heteroscedastic model (2). For example, for
estimating the z slope at the 0-9th quantile, the relative efficiency of multiple imputation
estimation compared with using the complete data only, i.e., the ratio of their variances, is
217%, and that of shrinkage estimation is 149%. To investigate the performance of our
methods in various model settings, we also allowed higher missing proportions, and weaker
or stronger correlation between the covariates x and z. The resulting estimated coefficients
and their standard errors are included in the Supplementary Material. On the basis of those
tables, the proposed estimators performed well across various model specifications.

The results in Table 1 are obtained when f (x| 2) is estimated from the correct model. To
investigate the potential bias that could be induced from misspecified f (x| 2), we simulate
covariates (x;, ) as X; = (0-18u; 1, + 0-68u; ) + 3-14, and z = (0-68u;,1 + 0-18u; ) + 3-14,
where u;,1 and u; » are two independent 2 random variables. We choose the constants, 0-18,
0-68 and 3:14, such that (X, z) have mean 4, variance 1 and correlation of approximately
0-5, as in the earlier simulation. After simulating the nonnormally distributed covariates, we
then generate the responses from model (2). For each generated sample, we allow x; to be
missing completely at random with probability 0-25. We apply the same estimation
procedures as above, pretending that (x;, z) is jointly normal. Table 2 presents the mean
squared errors and standard errors for the resulting estimated coefficients at t = 0-1, 0-5 and
0-9. As a comparison, we also re-estimate the coefficients using the imputation method, but
use the exact density f (x| 2) in the algorithm. On the basis of Table 2, the mean squared
errors from the multiple imputation estimators with the exact f (x| 2) are the smallest. As

Biometrika. Author manuscript; available in PMC 2014 June 16.
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expected, when f (x| 2) is misspecified, the mean squared errors are inflated, and the
shrinkage estimates have smaller mean squared errors due to the bias correction. Since the
complete-data approach only uses part of the data for estimation, its mean squared errors are
even larger than the multiple imputation estimator with misspecified f (x| 2). Finally, the
difference between the multiple imputation estimators using exact and misspecified densities
are small relative to their standard errors, indicating that the multiple imputation estimator is
also fairly robust against the misspecification of f (x| 2).

5. Application

We illustrate the performance of our methods using part of the Eating at American’s Table
Study (Subar et al., 2001). The dataset consists of 1418 subjects who participated in this
study from September 1997 to August 1998. They were required to complete a 24-hour
recall on their dietary intakes, and they also completed a dietary history questionnaire. It is
commonly thought that the 24-hour recall is an unbiased measure of dietary intake, but is
expensive in cohort studies because it must be administered multiple times, and thus costs
far more than the dietary history questionnaire. In measurement error modelling of diet and
disease, the regression calibration method (Carroll et al., 2006) is to regress the 24-hour
recall on the dietary history questionnaire. Since the distributions of nutrition intakes are
commonly skewed, quantile regression is a desirable tool for this modelling.

Here we model carbohydrate intake, with y; being the 24-hour recall for the ith person, xj;
the dietary history questionnaire measurement, x;, body mass index, x;3 the participant’s
age, X4 an indicator of Caucasian ethnic status and x;5 the gender. The model can be written
as

Yi=Bo,r+01,7Ti,1+82,+Ti 2403 rTi 3+ BarTi a+ 85 rTist+ei.  (6)

There are 453 randomly selected subjects among the 1418 who do not have measurements
of body mass index and did not complete the dietary history questionnaire, because the study
was a designed experiment with some participants randomly assigned to complete an
alternative questionnaire. Therefore, those covariates are missing completely at random.
Here we apply our multiple imputation estimation methodology to obtain the estimate of the
fs, with x as the carbohydrate intake in the dietary history questionnaire and body mass
index, and z as gender, ethnicity and age.

In these data, we found that the carbohydrate intake measured in the dietary history
questionnaire and body mass index are essentially uncorrelated, with partial correlation
0-0084 conditional on the subject’s age and gender. We can thus estimate the conditional
density of carbohydrate intakes in the dietary history questionnaire and body mass index
separately based on the two Box—Cox transformation models

A(zi1, A\1)=7Y10+711Ti3 12T ia+713Ti5+€i1, e ~N (0, 07),
A(Zi2, Aa)=720+721Ti3+V22Tia+V23Tis+€i9, €2~ N (0, 03).

Biometrika. Author manuscript; available in PMC 2014 June 16.
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Here A(u, A\) is the Box—Cox transformation function, i.e., A(u, A) = log(u) if A = 0, and A(u,
A) = (Ut = 1)/ for A # 0. We used maximum likelihood estimates of the transformation
parameters, these being close to 0 and -1, respectively, which suggests that logarithm and
reciprocal transformations are needed for carbohydrate intake in the dietary history
questionnaire and body mass index, respectively. In the Supplementary Material, we present
the quantile-quantile plot of the residuals from the above two models with their respective
best fitted powers, which shows that the transformed variables are approximately normally
distributed.

On the basis of the estimated models, the conditional density of the untransformed
carbohydrate intake in the dietary history questionnaire is fc(u) (Dol) ~1 o[{log(v)- ylo
Y11X3 = Y12X4 = ylgx5}/01] where ¢ is the densrty function of standard normal The
cdndrtrorlal density of body mass index is fb(u) = (v? 02) Lp[{1/v - yzo y21X3 y22X4 -

Y23%5}02].

Following our multiple imputation algorithm, we estimated model (6) at 50 evenly spaced
quantile levels using the completely observed data only in the first step. On the basis of the
resulting quantile coefficient process, and the estimated conditional densities f (X | 2) using
the models above, we imputed the missing carbohydrate intakes and body mass index m=
10 times. In Table 3, we listed the multiple imputation estimators at t = 0-1, 0-5 and 0-9, as
well as their standard errors. To illustrate the improved efficiency from multiple imputation,
we calculated the relative efficiency. In addition, we also constructed the shrinkage
estimator following (3). The shrinkage factors are estimated following Appendix A2.

Table 3 shows that the multiple imputation estimators are fairly consistent with those using
the complete data only, but have much smaller standard errors for the estimates associated
with age, ethnicity and gender. Those variables are completely observed when the dietary
history questionnaire carbohydrate intakes and body mass index are missing. The multiple
imputation estimators make full use of those observations, which improves their efficiency.
The shrinkage estimator is generally consistent with the complete-data and multiple
imputation estimators; while its standard errors are slightly larger than the multiple
imputation estimators, they are still much smaller than those of the complete-data
estimators.

6. Discussion

The validity of our multiple imputation method relies on a correct specification of the
conditional density f (x| z), which we model parametrically. To further protect against the
possible misspecification of f (x| ), a shrinkage estimator was proposed. One could also opt
to estimate f (x | Z) nonparametrically, which will automatically yield a consistent estimator
without an additional shrinkage step. However, nonparametric conditional density
estimation is very complex, especially when z is multivariate, and the slow rates of
convergence would undermine the usefulness of such an approach.

The missing covariate problem in the quantile regression context is challenging, because the
conditional density of y given the covariates is unspecified under a typical quantile
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regression setting. Consequently, classical likelihood-based approaches cannot be applied
directly. Here, we adopted a joint modelling approach similar to Wei & Carroll (2009) to
circumvent this difficulty. However, the proposed method is different from Wei & Carroll
(2009) in many aspects. First, the objectives are different. This paper handles missing
covariates, while Wei & Carroll (2009) handle mismeasured covariates. Second, the
estimation approaches are different. Wei & Carroll (2009) is based on constructing unbiased
estimating equations; while this paper uses a multiple imputation approach. Consequently,
the estimation algorithms are different; the former involves iterative estimation, while the
estimation procedure in this paper does not. Finally, the asymptotic properties are obtained
in a very different fashion.

We assumed the conditional quantile functions to be linear at all quantile levels. This
assumption holds for location-scale models, i.e., Y = X" + XTye, where eis a random error
with Q (e] X) = 0. If needed, one can easily relax the linear quantile function to an arbitrary
nonlinear or even nonparametric function. The algorithm remains largely unchanged, with
the minimal adaptation of setting the linear function to be the new regression function in the
check function p.. Although the method is presented for an independent sample, it can also
be extended to longitudinal data using the so-called working independence construction. For
a longitudinal sample (y; j, X, j, %,j), if the quantiles of y; j is linear in (x; j, 7 j), then we can
estimate the quantile coefficients using a similar algorithm with the longitudinal quantile

regression objective function Ziszr(yw‘ - x}:j,s' - ZEjV). The estimation of the
conditional density f (x| ) also needs to be adapted for the longitudinal data. The resulting
estimators would still be consistent, but the limiting distribution would need to be derived
separately.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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Al. Technical arguments

Recall that x;(¢ is the ¢th imputed x associated with (y;, Z), based on the estimated density f )
(x]y;, z)- We define a partial objective function with the imputed proportion of the data

$90)= 3 pody; — @5y 2D,

Jj=ni1+1
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" . L P . (0
and define its minimizer 5, (,)=arg mmgS,(lg (3).

We say that B(;’(g) is the estimated coefficient using the ¢h impu~ted portion of the data only.
In later steps, we show that the multiple imputation estimator 3 can be written as a linear
combination of B; and B&y(@s. Hence, tqfind the asymptotic distribution of B; a key step is
to find the asymptotic distribution of g (¢ as n=ng + Ny — oo, and 0 < limy Ng/ny =A < co.
To do that, we first show that

21618|50(ﬂ) = So(B)| — 0 (A1)

in probability as ny — co. Here SOZB) and S(p) are the two expected objective functions
defined before Assumptions 2 and 3.

Recall that f{S/ | X, z, B(r)} is the estimated conditional density of y given x and z using the
complete data only. We first decompose the difference between the estimated density f{y | x,
z, ()} and its true value as

SL;p|f{y|CC7 z,B(7)}
- f{y|$v Z, ﬁU(T)}

Kn

=sup|Y_[f{ylz. 2, B(")}=f{yle, 2, Bo(MNI{(=T,27)5,, < y<(e",2")3,,, }=f{yle, 2 Bo (1)} {y<(«",2T)5,}

T k=1
— f{ylz, Z,ﬁo(T)}I{y>(ch,zT)3TK } < sup4y

“+suph(m, z, z)
T

+suph(7y, , T, 2),
x

where

Ky
supAlzsupZ|f{y|$, 2, B(T)}_f{y|xa Z, /80 (T)}|I{(xT7 ZT)/@T/,C S ?/<(3€T, ZT)ﬂATIH_] }
r T k=1

Following the definition of f{Ay| X, Z, B(r)}, and since for any given value of y, it can only be
contained in one of those subintervals {(x, z") By, (X, z) Byy,4 3 We have

Tk+1 — Tk T _T\A T 7
supA; < supmax = — — z,z, Bo(T)HI{(z",2" )8, <y<(z',z")B, .
s < spmp| T = ol 2 ()| 1T 2D <y D)

Following the uniform convergence of B;, readily available from the result in Wei & Carroll
(2009) by considering in their context a special case where the measurement error variance

is zero, the convergence (=", 27)(8,, — Bo.r, )=o0p(KY/*ny /%) holds uniformly for any k.

Consequently, we can rewrite the upper bound as
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Tk+1 — Tk
1 2 1 2
(@T, 2T)(Bo,ny, — Bo,m)+op(Ea! *ny %)

- f{y|r,z,ﬁo<7>}\

supA; < supmax
T T k

J=supmax el Tk —F{ylz, 2 Bo(7)}

< Sy, T ) s — o)
Th+1 Tk

Tk+l
+0P(K1/2 71/2)
X I{(xT,zT)ﬁTk < y<(ﬂcT,zT)ﬂATk+1}.

By the mean value theorem, there exists a T~ € (T, Ti+1) such that (11 — T)/{(XT, ")
(Bo,tke1 — Bowd} = h(t", X, 2). On the other hand, let Ty be the quantlle level of y with respect
to true quantile function (xT, z"Bg(t) fory € [(xT, z") Btk, T, 2" Btkﬂ) then f {y| x, z
Bo(t)} = h(xy, X, 2) by definition. Since the true quantile function (xT, z")Bo() is a
continuous function that satisfies the Lipschitz condition, the quantile level of (x, z") Btk+1

with respect to the true quantile function is rk+1+op(K;/2nfl/2). Moreover, due to the
-1/2

uniform convergence of B(r), the quantile level of (xT, zT)B;k is Tk+op(K}/2 ), for any

k. Therefore, together with the monotonicity of quantile function, we have

Tetop (K20 V) <1, <4140, (KL/?n /%), Following these arguments, we have
sgpAlzsgpm]?XM(T*, x,2)

— h(ry,z, 2)

+op(ny /)| I{mi

+op(n 71/2)
o, (Ky/*ny %)} < supmax] [l (1. 2, 2) {O (K, )0, (K *ny %) o, (K Py %)

<77y < T

:O(K v1Avs— 1)
o (K2 %) =0,(1).

The last step follows from Assumption 5(i) and the fact that K/n — 0. Consequently, for
any given values of y and z, as n; — oo and K,, — oo, we have

supllf {yl. 2, ()} = F{ulz. 2. 6o (r)}| < Op(Ky M V) top(ny /2)tsuph(my, @, 2) suph(ry, 2, 2)=0,(1).

Let Do(y, 2 = [ xf{y | X, z Bo(t)} f (x) dx, and Dy, (v, 2) = /X f{Ay| Z X, B(r)} f (x) dx. Since f
(x| 2) is an integrable function, the convergence (A2) also implies that

‘Drn (y7 Z)_Do(yv Z)|:/I|f{y|$, Z,ﬁ(’l’)}—f{ykﬁ, 2360(7-)}|f($‘2)d‘r:0p(1)' (A3)

It follows that, for any y and z,
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sgplf(xly, z)

- f(x|y7 Z)|
—sup f{y|z’ Z’/é(T)}f(I>
z Dnl (y,z)
- Ayl O )| Hules s S
D()(y7 Z) T D(](y, Z) (A4)
. f{y|ilr, 2, ﬁo(ﬂ')}f(z|z) .
Do(y’ Z) +OP{|DTL1 (yv )

[f{ylz. 2, 6(7)} = flyle, 2, Bo(r)}] f (x]2)
DU(y7 Z)

~Do(y, 2)|}=sup +0,{|D (3:2)

= Do(y: 2)[}=0p(1).

The last step is implied by (A2), (A3), together with the facts that Dq(y, 2) > 0 for any (y, 2),
and the density f (X) is bounded away from infinity under Assumption 4. Moreover, the
distance between the two objective functions can be written as

sup\go(,@)
BeQ
— So(B)]
=su E7 T,z T
ﬁegl wa)lPriy

- ('%T’ ZT)ﬂ}] - E(y,i‘,z)[pT{y - (IT’ ZT)/B}”

=/ supp-{y
(y,2,2) BEQ
- (IT, ZT)ﬁ}f(:% Z)|fA('T|ya Z)
- faly D) 2 [ gy, fely.2)
(y52,2)

- f(x|y, Z)|d(y7 z, Z)a

where g(y, X, 2) = supgeq p- {y = (X7, Z")B} f (v, 2). Since x has bounded support, and Q is a
compact set, under the assumptions that E(y) < oo and E(2) < oo, the function g(y, X, 2) is
integrable, i.e.,

Y,xT,z

On the other hand, due to the uniform convergence of B(m), there exists a constant Cq, such
that for large enough ny, f{Ay| X, Z, B(r)} < h(y, X, 2) + C;. Following Assumptiorl 5(i), theA
quantile density function h(x, X, 2) is bounded for any v, x and z, it follows that f{y | x, z, B
()} is bounded for any (y, x, 2).Moreover, since f (X) is bounded with bounded support,
Dn1(y, 2) is also bounded. Consequently, the estimated density f(§< | v, 2) is bounded for any
(Y, X, 2). Following the dominated convergence theorem, the convergence (A4), the
integrability (A5) and the boundedness of f(§< |y, 2) together imply the convergence supgeq |

So(B) — So(B)l = 0p(1) as ny and Ky, — oo.
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Since $(P) is a continuous function, and uniquely minimized in g -, following the
arguments in Amemiya (1985, pp. 106-8), the convergence (A1) suffices for

||,a;f — Bo.+||=0,(1), where g* is the minimizer of Sy(8). Recall that
n() »3) Z] n1+1pr{y] (e)v Z]'T)/B} is the objective function which is minimized at
Bo(g) Of course,

_ ~(¢ _ ~ ~
g BSO @) =ng" S By, e[ Pedyi — (@, ZDBY=50(8).

j=n1+1

Then, following standard arguments for M-estimation (van der Vaart, 1998, 44-7), the

estimator Ba(g) converges to 3* in probability, conditioning on the completely observed data.
Therefore,

1Bocey = Borll < 1Boge) — BElI+I87 = Borll=0p(1)  (a6)
as ng + Ny — oo. Thus, we have shown the consistency of B(;(g).

We now use a Taylor expansion to derive the asymptotic normality of B(;(g). Define the

directional derivative function of 5’52 (B)as
o (e n . . T
S D=3 erlos = @ 28N )

j=n1+1

Arguments similar to those used in proving He & Shao (1996, Lemma 4.6) yield the uniform
convergence result

sup g 188 (8)-5 (B0 - LS (91 ELS. (Bor)HI=0p(1),  (an)
1B—Bo,]|<8r 10

for any descending sequence 6,,. Combining (A6) and (A7), we have

16 215 (Boge) = 5.0 (Bo.0) — BS,E (Boge)+ES, (Bo.r)l|=0p(1).  (A®)

Since S (ﬁo () ~ 0, we Taylor expand E{Sm (Bo (¢))} in (A8) around o -, so that

n
—1/2
~ng? S er{y

j=ni1+1
- R T_ 12
—(x;r(z)aij)ﬂo(e)}(mgT(e)ijT) ="Ng / Z er{y;
j=n1+1
82?:n1+1E{997{yj_(53}1(@)»2}1)50,7}(@?(4 ) } 1/2

( () j)/@OT}( /)7 jT) +n61 (ﬂo(z

= Bor)+op(1),

984,

and thus Ba(g) has Bahadur representation
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nl/? 1 —1/2% T T T T\T
(50 50,7):_(\I}no,‘r/n0)_ L) Z‘P”r{yj_(jrj(zyzj )ﬂU,T}(‘i‘j([)7zj) +0p(1)7 (A9)
i=1

where Yno,r (3/3507)27 —ny41 Elp-Ay; - (ij(Z)’ZJ‘TWO:T}(%;F(IZ)’Z;F)T]. Since the
conditional density of f(x | yj, z) converges to the true density f (x| yj, z) as n; — oo for any
x, the joint distribution of (y;, Xj(¢), Z) converges to the joint distribution of (y;, X, z) as ny —
oo. Consequently, using Assumption 1 and the dominated convergence theorem, we have

that nglq/)no’r converges to vy, in probability as n; — oo, and

- - T ~
var[¢-{y; — (wf(g ,ZjT)ﬁoT} CC]T(g ,ij) ] converges to Vg as ny — oo. It follows that Bog is
asymptotically normally distributed with mean f  and covariance matrix «~ 14y~ This
finishes our analysis of Bo(g)

We now define

ni

B, (p=argmin [Zpr{yi—(l‘?vz;r)ﬂH > pr{yj—(fﬁepz}f)ﬂ}}

i=1 j=n1+1

as the estimated coefficient using the ¢th assembled complete data. Following similar lines
in proving (A9) by treating the observed x; as an imputed value using the true density
function f (x| z ng), we have

T

(ﬂ* ) ﬂO T)—_n(anl,ra"_\llno'r |: I/ZZ@T{yl z 7 z )ﬁo’l’} z ? z )
(A10)

+n 12 Z er{y; — 7([7 )ﬁo‘r}(my(z 2 -‘+Op(1)a
J=ni+1 J

where ¥n, 7=(9/000,-) Z Ele-{yi — (F, 200, }T, 2] Using the law of large
numbers, the matrix yny converges to v, in probability. On the other hand, recall that BT is
the estimated coefficient based on n; complete data only. For any T, BI has the Bahadur
representation (Koenker, 2005, Equation (4.4),

n2(B,—Bor)=— (U1 /m1)” /Zzw{yz o, 2080 1=, 25 o, (n ). (am)

Combining (A9)- (A11), and using 7"/ (3 — Bo,-)=m 12 n/2( /5'* — fo,r), we
obtain

Biometrika. Author manuscript; available in PMC 2014 June 16.



1duosnue Joyiny vd-HIN 1duosnue Joyiny vd-HIN

1duosnuely Joyny vd-HIN

Page 16

nl/Z(B - /60,7')
= — {4 (11N g 1, )

((m) 1z *“22%{% (@, 25) 6o (T, =F

=1

T\ T
+ [ (1+1/N) -1/2,, 12” 1/2 Z or{y; — (x](é, ])ﬂOT} ](4 ])
=1 j=ni1+1
= — {0+ T 0y, A (141/A) g ) (AL2)

% () 2 (07 0, ) nd (B, — o))}

+ (1+1//\)_1/2m_12(‘1’n0,7/n0){n5/2(Bo(f) - ﬂo,ﬂ}})

(=1

—— {<A+1)*lnzlwm,T+<1+1/A>*lnalwno a7

{(/\+1) V2 4+ (141/0) "V m 12% 2)}

where

:n;1/22@7{y’t_ Z;, 2 )ﬁOT}( T2 )T @) n Z wT{y] ) j )ﬁ()‘r}(
=1

j=ni1+1

It follows immediately from the central limit theorem that %, — N(0O, V1) in distribution. On
the other hand, conditioning on the complete data, 7", converges to N(O, V) in

distribution, where V,,=var|[ ¢, {y; — (7, 0y % D) Bor 1 (@ 30 % ) ] Since V,, converges to Vg
with the increase of the total sample size, 7"y converges to N(0, Vo) in distribution as n
goes to infinity by Slutsky’s theorem. Because N(0O, V) does not depend on the complete
data, this is also the limit of the marginal distribution of 7). Moreover, it is easy to show
that E(%n? n(e) — 0 and cov(¥ ng), 7 n(e)) — Uo. It follows that

n'2(3 = By,) — N0, 2y L), where £ = (A + 1) 7Vy + (1 + 1) m Vg + {(m -
1)/m}Ug], as claimed.

A2. Implementing the shrinkage estimator

Define g?:(/f, 3E)T. Let I" be the estimated covariance matrix of 3 4, which is derived on a
case-by-case basis. Then 6, = (01 -, .. ep DL BI BT Let V be the estimated covariance
matrix of et, with diagonal elements (vq, .. Dp) Define

. 01 )
K=diag ot RRRE I L~ |
/Ul_'—wl UP+’¢}p
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and define G = (K, Ip = K). Then the shrlnkage estimator is Bs(T) G%. Its estimated
covariance matrix is cov{p«(t)} = GI G.

We estimate the covariance matrixes of B; and B; based on their Bahadur representations
(Al1) and (A12), respectively. That requires the estimation of the variance component
matrices, Yny v Wng,v the variances of %, and 7" and the covariance of 7" and 7 ng).
In what follows, we provide sample estimation of those variance component matrices. First,

{bnl,'r:nl_lz? - f’L(T)(Il ) 24 ) (‘Tz ) 25 ) where

. 2h,
filr
( ) (xz’ 7 {IB T+h- ) T hr )}

Here h, is the bandwidth chosen by the method of Hall & Sheather (1988). Compared with
the density estimator that we used in the estimation procedure, here we incorporated a
bandwidth selection h, to improve the stability of f; (t). Of course,

wno,r:hmnoaoon(?lzjaE{%(?/j — (&) 2 )Bo) (&0 2] 'y jopT Following similar
lines, we approximate this last term by

N 4= 1 T/ T T
Unormngt D => = 0@ 2) @ %),
j=ni1+1 /=1
where the estimated density function is

£ el
10 T)=— — = = .
70 (@0 2] HBrinn) = Beronn}t

Following the linear expansions of B; and B;, we first estimate var(%y,) and var(7 n(g), and
coV(” nee), ¥ n(e)) Using sample variances, i.e., we define the estimator

nq

‘Aflzvar(%n):nl_lzw?r{yl —Z; 7 2; )/8 } (:Ez ) %4 )

=1
~ - T
Let Qg be sample covariance matrix of (¥ {4 — (£].1)» 2} )B-}(E] 1), 2 ) L g The
variance component matrix var(? ), for any ¢, can be estimated by

‘%:Vér(%(@):m_lZQ@
=1

Forany ¢ # ¢, we define Q(¢, ¢') as the sample covariance matrix between
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~T _T\A4 (T T\T;" ~T T\4 V(T T\T;"
[er{yi — (Zj0) 25 )B-HEj(r), 025 ) ]].:nlﬂand[%{y;' — (&), 2 ) B2} (@ (o), b2)) ]j:n1+1‘
We define
U=cov(Vp(ey, V(en)={m(m = 1)} 7> "Q(¢, '),
0 0%l
for any (¢, #). With the considerations above, we have
~ N —1a4 ao—1a A —1 =1, _q=a ~
M=(A+1) W, ,+(14+1/A) Uy ry S=(A+1) Vi+(1+1/A)  [m Vot (m—1)/mU],
where X = ng/ny. Consequently, the estimated covariance matrix of B; is
Var([éf):n—lﬂfflfm\ffl, and the estimated covariance matrix of p, is
var(B,)=n"t(1+A)¥, Vi, L. Since %, and ¥ ) are asymptotically independent and
have means zero, we have that E(%7 n(¢) = 0(1).We can estimate the covariance between
B; and B; by cov(3,, 37):71*1]\17_1‘711};1177. Assembling these components together, we
obtain
o NSt LY 1
I'=n aln a—1 T Al1 oA a
(]\[ ‘flq!nl,r) (1+/\)\Pn1,7"/1\1}n1,7
References

Amemiya, T. Advanced Econometrics. Boston: Harvard University Press; 1985.

Carroll, RJ.; Ruppert, D.; Stefanski, LA.; Crainiceanu, CM. Measurement Error in Nonlinear Models:
A Modern Perspective. 2nd ed.. London: Chapman and Hall CRC Press; 2006.

Chen YH, Chatterjee N, Carroll RJ. Shrinkage estimators for robust and efficient inference in
haplotype-based case-control studies. J. Am. Statist. Assoc. 2009; 104:220-233.

Hall P, Sheather S. On the distribution of a studentized quantile. J. R. Statist Soc. B. 1988; 50:381-
391.

He X, Shao QM. A general Bahadur representation of M-estimators and its application to linear
regression with nonstochastic designs. Ann. Statist. 1996; 24:2608-2630.

Koenker, R. Quantile Regression. Cambridge: Cambridge University Press; 2005.

Koenker R, Bassett GJ. Regression quantiles. Econometrica. 1978; 46:33-50.

Koenker R, Xiao ZJ. Unit root quantile autoregression inference. J. Am. Statist. Assoc. 2004; 99:775—
787.

Lipsitz SR, Fitzmaurice GM, Molenberghs G, Zhao LP. Quantile regression methods for longitudinal
data with drop-outs: application to CD4 cell counts of patients infected with the human
immunodeficiency virus. Appl. Statist. 1997; 46:463-476.

Little, RJA.; Rubin, DB. Statistical Analysis with Missing Data. New York: Wiley; 1987.

Robins JM, Rotnitzky A, Zhao LP. Analysis of semiparametric regression models for repeated

outcomes in the presence of missing data. J. Am. Statist. Assoc. 1995; 90:106-121.

Subar AF, Thompson FE, Kipnis V, Midthune D, Hurwitz P, Mcnutt S, Mcintosh A, Rosenfeld S.
Comparative validation of the Block, Willett, and National Cancer Institute Food Frequency

Biometrika. Author manuscript; available in PMC 2014 June 16.



1duosnue Joyiny vd-HIN 1duosnue Joyiny vd-HIN

1duosnuely Joyny vd-HIN

Wei et al.

Page 19

Questionnaires: the Eating at American’s Table Study. Am. J. Epidemiol. 2001; 154:1089-1099.
[PubMed: 11744511]

Tsiatis, AA. Semiparametric Theory and Missing Data. New York: Springer; 2006.

Van der Vaart, AW. Asymptotic Statistics. Cambridge: Cambridge University Press; 1998.

Wei Y, Carroll RJ. Quantile regression with measurement error. J. Am. Statist. Assoc. 2009;
104:1129-1143.

Welsh AH. Asymptotically efficient estimation of the sparsity function at a point. Statist. Prob. Lett.
1988; 6:427-432.

Yi GY, He W. Median regression models for longitudinal data with dropouts. Biometrics. 2009;
65:618-625. [PubMed: 18759840]

Biometrika. Author manuscript; available in PMC 2014 June 16.



Page 20

Wei et al.

'S10419 pJepue)s ‘IS ‘SIUSI01I802 aNJY By} ‘BN ‘oyewnsa abexuliys sy .@a ‘suoneIndwi 0T Ynm Jorewnss uoneindwi ajdninw ays ‘g ‘Ajuo erep paaiasqo Aja1e|dwod ayp Buisn 110133809 parewnss ayl ‘g

¥9:0
¢S 0
110
090
€50
290
¥9-¢
11¢
9T€

LT:0
910
670
910
910
910
G20
ve0
8¢0

3as

09T
89T
65T
91
Sv'T
89T
LET
951
00T

ues|n|
60=1

91
91T
91T
91T
91
91
00T
00T
00T

00T
00T
00T
00T
00T
00T
8¢¢
8¢¢
8¢¢

ana|

¥S0
0
¥9:0
610
90
150
vee
65T
89¢

€710
¢T0
v1-0
¢T0
170
cT0
670
LT-0
T¢0

3as

60'T
7
80T
860
260
10T
690
¥8:0
190

10T
10T
00T

86:0
00T
101
€01
00T

ues\
go=1

00T
00T
00T
00T
00T
00T
00T
00T
00T

00T
00T
00T
00T
00T
00T
00T
00T
00T

ana|

8.0
¢S 0
260
850
¢S 0
290
(443
¥0-¢
88€

3as

w0
9€0
6€0
[440)
6€0
ev0
850
€60
690

(40
€0'T

860

¥6:0

660
L20-
§¢0-
L20-

ues
T0=1

9€0
90
90
90
90
90
00T
00T
00T

ana|

St

(S) 19poN

(¥) 19poIN
1daouaiu|

(G) pue (¢7) s|spow ul suoneINWIS 0OS WoJJ 6:0 PUR G-0 ‘T-0 S|9A3] 3|1uenb Je sjus1o1}J300 PalewIlss ay) JO SI0I3 pJepue)ls pue suesin

T alqel

NIH-PA Author Manuscript

NIH-PA Author Manuscript

NIH-PA Author Manuscript

Biometrika. Author manuscript; available in PMC 2014 June 16.



Page 21

Wei et al.

'$101J9 paJenbs ueaw ‘JSIA ‘10419 patenbs Ueaw sy} JO 1019 prepuels syl ‘JS ‘(zZ | X) § 10exe
ay1 Buisn Jorewnss uoneindwi ajdnjnw ay) ‘g ‘1ojewnss abexunys syl ,@@ ‘suoirendwi QT yym Joyewnss uomreindwi ajdinjnw ayy ‘g ‘Ajuo eyep panlasqo Aja1adwiod ayy Buisn Jus1oi4}a09 parewniss ay) ‘g

900 <¢0T ¥00 890 200 TIET wu
000 0T ¥0O0 <¢/0 800 921 @m
900 ¢I'T ¥00 0.0 800 6¥T xm_
800 €T G00 9.0 600 8ST <m_
IS IS IS IS IS IS

6:0=2 G0=2 T0=2

paiy1oadssiw S (z | X) § usym () [apow ul suoie|nwis 00g Wolj 6:0 pue G-0 ‘T-0 S|9A8] aj1uenb 1e sjusidiys0d palewnnss sy Jo S1oas patenbs uesi

¢ ?olgel

NIH-PA Author Manuscript NIH-PA Author Manuscript NIH-PA Author Manuscript

Biometrika. Author manuscript; available in PMC 2014 June 16.



Page 22

Wei et al.

‘serewnss abexuriys/uoneIndwi ajdinjnw sy} Jo
TeU) pUR J0JRLLINSS BIep-818]dW0d a1 JO 30UBLIBA PAJELUNSS 3U1 USSMIS OI1eJ 8u) Se Pauliap sI yaiym ‘Aouaioiie aanejal ‘24 2y xipuaddy Ui paquiosap poylsw UoIewsa ayl Buimoljoy siolls prepuels ‘25

TET 65€T TVETI- YT 96'¢T ¢6vIT- 89Sl L080T- 60

67T 1S 110L- LET S0-L 06-99- 1¢8 87€L- S0 Japus9
6TT TT0T 0C€ey- 97T G¢0T vE8e- €0TT Ve Lb- T0
[49 9,6  T6L¢- LS¢ .56 6ET- ¢0Ty  SG¥8E- 60
697 1€8 979 89T 8¢8 (44 ] 180T 19V S0 ueisedned
124’ ¢0¢t 1977 CeT 1SCT  S6VT ervT  G6'G T0
9ctT S50 S 1- JA4) 150 TL1- 290 8ET1- 60
[4) G20 §6°0- 9€T ¥¢0 00 T- 8¢0 98-0- S0 aby
LTT €€0 v 0- 80T S€0 6€0- 9¢€0 €50- T0
10T 6TT 1590- 86 TC¢1 GE-0- 0CcT 0.-0- 60
00T ¥50 €9°T- 66 ¥S0 €9 T- ¥50 89 T- S0 xapui ssew Apog
96 060 G8-0- ¥6 160 80— 880 ¥6:0- T0
10T 100 650 41" L00 870 200 09-0 60
[40) €00 120 60T €00 20 700 120 G0 el ajelpAyogred
0T 900 900 66 900 700 900 800 T0
Ge)2: 25 o Go)2: a5 K i 4 $81e1IeA0D
abexuliys uoneyndwi sidnniA mey 2

ApmS 8jqe S, UedlIsWY 1e Buies sy ul S)USIDIB0D PaYRWINST

€9l|qel

NIH-PA Author Manuscript NIH-PA Author Manuscript NIH-PA Author Manuscript

Biometrika. Author manuscript; available in PMC 2014 June 16.



